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Abstract: This paper determines the instance of the AND, OR, NAND, NOR and basic arithmetic functions, which can be used to
build complex combinational digital logic circuits through Truth Table Analysis. This paper also illustrates a Boolean
Expression using those truth table of the basic Universal Gates existence by Reversible Gates.
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L. INTRODUCTION
Rolf Landauer first proposed a principle concerning about the lower theoretical limit of the energy consumption of the computation
physically. This physical principle is termed as Landauer’s Principle.
According to Landauer[1,2], the amount of energy dissipated for every irreversible bit operation is at least KTIn2 joules, where
K=1.3806505*10-23m2kg-2K-1 (joule/Kelvin-1) is the Boltzmann’s constant and T is the absolute temperature at which operation
is performed.. In 1973, Bennett[3] showed that energy dissipation problem is avoided with circuits built using reversible logic gates.
Reversible circuits are essentially dissimilar from conventionally irreversible ones. In reversible logic, no information is lost.
Application of reversible logic has received attention in the recent years for reducing the power dissipation with low power VLSI
design, and it has a vast impact in low power CMOS, quantum computation and nanotechnology.
A circuit is reversible if the input is recoverable from the output. Reversible computing supports both forward and backward
movement process as one generates inputs from the outputs [4].

1. REVERSIBLE LOGIC
Reversibility in computing implies that the information about computational states can never be lost and be used when needed.
There are two types of Reversibility: 1. Logical and 2.Physical.
Logical reversibility is defined as the process in which any early stage can be recovered in computing backwards or un-computing
the results. Physical reversibility refers to no heat dissipation. Logical reversibility is achieved after Physical Reversibility [5]. The
generation of heat is gained when the voltage levels changes from low/high to high/low such that zero/one to one/zero bit change in
digital logic of computers. Most of the energy is required in making the changes. As a result, reversible computing shall affect
digital logic design.
‘Reversible Computation’ is defined as a model of computation where computational process at some extent, is reversible. It means
that it can reserve the data as long as it requires and when needed. Properties of reversible logic are like it can recover the state of
inputs from the outputs, it follows one to one mapping i.e. when ‘n” number of inputs are taken, and one can get ‘n’ number of
outputs from the gates and for each input pattern, there should be unique output pattern. Finally, the circuit obtained will be acyclic,
i.e. feedback will be there but Fan-out will not be more than one.

1. BASIC REVERSIBLE GATES
There are some basic reversible gates used to design complex digital combinational circuits. They are:
NOT GATE, TOFFOLI GATE, FEYNMANN GATE, DOUBLE FEYNMANN GATE, PERES GATE, FREDKIN GATE, HNG
GATE and TSG GATES.
The most economical implementation of basic gates and universal gates are shown in terms of truth table analysis. Quantum
networks are required to be built from reversible logic components[6,7].
The block diagram of 1X1 NOT Gate is represented by Fig. 1(A).The quantum cost for 1X1 NOT Gate from Fig. 1(B) is 0. Total
logical calculation is T=13. Here,  represents a two input XOR gate calculation.
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Fig. 1: (A) shows block diagram of 1X1 NOT gate. (B) shows its quantum representation. (C) shows its truth table.

The block diagram of 3X3 Toffoli Gate is represented by Fig. 2(A). The quantum cost of 3X3 Toffoli gate is 5 from Fig. 2(B). Total
logical calculation is T = 15 + 1B.[8]

A TOFFOLI P=A
B ——Q=B
L R=ABxor C
Fig. 2(A)
A P=A
B— ® er o—0B
C Aé vl i R=ABXOR C
Fig. 2(B)
| INPUT OUTPUT
A C|P=A|Q=B|R=ABXORC
0 0 (0O 0 0
0 1|00 1 0
1 0 (0|1 0 0
1 1 |01 1 | 1
0 0 (1(0 0 1
0 1 (|1]0 1 1
1 0 |11 0 1
1 1 |11 1 0
Fig. 2(C)

Fig.2: (A) shows block diagram of 3X3 Toffoli gate. (B) shows its quantum representation. (C) shows its truth table.

The block diagram of 2X2 Feynmann gate is represented by Fig. 3(A). The quantum cost of 2X2 Feynmann gate is 1 from Fig. 3(B).
Total logical calculation is T = 1a[9]. Here, a represents a NOT calculation.
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P X=P
FEYNMANN
Q ; Y=PxorQ
Fig. 3(A)
P X=P
Q &4 Y=PXORQ
Fig. 3(B)
INPUT OUTPUT
Pl Q X=P Y=PXORQ
0|0 0 0
0|1 0 1
10 1 1
1|1 1 0
Fig. 3(C)

Fig.3: (A) shows block diagram of 2X2 Feynmann gate. (B) shows its quantum representation. (C) shows its truth table.

The block diagram of 3X3 Double Feynmann gate is represented by Fig. 4(A). The quantum cost is 2 from Fig. 4(B). Total Logical
Calculation is T = 2a.

gyl P-4
DOUBLE -
B mmuw [ & P
(¢ e— —R=AxorC
Fig. 4(A)
A P=A
B i Q=AXORB
(—H R=AXOR C
Fig. 4(B)
INPUT OUTPUT
A B [C [P=A Q=AXORB] R=AXORC
o o 0 0 0 0
0 1[0 |0 0 1
1 0 0 ! b ! 0
1 1 0 1 1 1
0 o 1 0 o A 1
o 1 1 [s] 1 0
1 0 1 1 0 1
1 1 1 1 0 0
Fig. 4(C)

Fig.4: (A) shows block diagram of 3X3 Double Feynmann gate. (B) shows its quantum representation. (C) shows its truth table.

The block diagram of 3X3 Peres gate is represented by Fig. 5(A). The quantum cost is 4 from Fig. 5(B). Total logical calculation is
T =2a + 1B[10]. Here, a represents a NOT calculation and B represents a two input AND gate calculation.
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Fig. 5(A)
A P=A
B {O—+— Q=AXORB
¢ v R=ABXORC
Fig. 5(B)
INPUT OUTPUT
A |B [c |P=A Q=AXORB |[R=ABXORC
o |o[o o o [
o [1]o]o 0 0
1 (o |o 1 1 0
1 1 (o |1 1 1
o |o |10 1 1
o |11 o0 1 1
1 (o112 o 1
1 1 (1|1 o [}
Fig. 5(C)

Fig.5: (A) shows block diagram of 3X3 Peres gate. (B) shows its quantum representation. (C) shows its truth table.

The block diagram of 4X4 HNG gate is represented by Fig. 6(A). The quantum cost of 4X4 HNG gate is 6 from Fig. 6(B). Total
logical calculation is T =4a + 2p.[11]
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Fig. 6(A)
A P=A
Q=B
- R= A XORB XOR C
V- S= (A XOR B)C XOR AB XOR D

Fig. 6(B)

oy
v
oD

o
A
A
<

e
S

OUTPUT
R=AXORB S =(AXORB)C
XOR AB XOR D

n
>
n
]

;

rlor|Oor|O|k[o[r|o|RO|k|O|F O B2

B p(Rekeeolojojojo|jojo O 0

BB R KROO|IOO(K(HKKOO|IOO ]
H(H OO|R| K O|O(K (K OO(K KOO hl
(O KROKOKOKOKOROKLO jol

KK OOK(FOOKHOOKOO >
HFIOOK KOO O KOOK|K O
O[O0 O(R|K| K| IO KKKOIOO

Fig. 6(C)
Fig.6: (A) shows block diagram of 4X4 HNG gate. (B) shows its quantum representation. (C) shows its truth table.

Every Boolean Function can be build using 3X3 Fredkin gate. The block diagram of 3X3 Fredkin gate is represented by Fig. 7(A).
The quantum cost of Fredkin gate is 5 from Fig. 7(B). Total logical calculation is T = 20-+43+15[12,13].
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Y — , BERVA Q= XYXORXZ
| | ] |
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L ' R=YZXORXY
I | { PRSI, |
Fig. 7(B)
INPUT OUTPUT
X ¥ 7 4 P=X Q=XY R =X’Z XOR
XOR XZ XY
o o o o o o
o & o o E [+]
s § o o 1 o o
1 1 o = & o p 5
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= o 1 1 - 4 o
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Fig. 7(C)

Fig.7: (A) shows block diagram of 3X3 Fredkin gate. (B) shows its quantum representation. (C) shows its truth table.

The block diagram of 4X4 TSG gate is represented by Fig. 8(A). The quantum cost of 4X4 TSG gate is 17 from Fig.8(B). Total
logical calculation is T= 40+3p +35[14].

A

P=A

B Q=A'C'xor B'

TSG

R=(A'C'xor B') xorD

S =(A'C' xor B")D xor (AB xor C)

Fig. 8(A)
A : P=A
B Q=ACYORB
B

R'=(AC'XORB)XORD

§=(AC XORB)D XOR ABXOR C

INPUT OUTPUT
Al B [c D P=A |Q=AC'| R=(A'C XORP’) S= (A’C’ XOR B’)D XOR
XORB’ | XORD (AB XOR €)

o] o |o o ) ) 0 0

ol 1o fo ) 1 1 )

1] oo o 1 1 1 )

1] 1 ]o |o ] ) ) 1

o o o [1 0 0 1 0

o] 1 |o [1 0 1 0 1

1] oo |1 1 1 ) 1

1] 1o 2 1 ) 1 1

o o |1 [0 0 1 1 1

o| 1|1 [0 ) 0 0 1

1] o1 |o 1 1 1 1

i 110 T 0 0 0

o o1 [1 ) 1 ) )

o[ 1 [1 |1 ) ) 1 1

1] o1 |1 1 1 ) )

1] 1 |1 |3 1 ) 1 0

Fig. 8(C)

Fig.8: (A) shows block diagram of 4X4 TSG gate. (B) shows its Quantum representation. (C) shows its truth table.
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ANALYSIS OF TRUTH TABLES OF BASIC UNIVERSAL GATES USING REVERSIBLE GATES

V.
Reversible are circuits (gates) that have one-to-one mapping between vectors of inputs and outputs; thus the vector of input states
can be always reconstructed from the vector of output states.

A. And Gate
From the truth table in Fig. 9, the characteristics of two input AND gate operation is done, if C =0 and we will get the output from
Port ‘R’, using Toffoli gate.

INPUT OUTPUT
A B C|P=A Q=B R=ABXORC
0 0 O0fO 0 0
0 1 0]0 1 0
1 0 01 0 0
1 1 9|1 1 1

Fig. 9: Implement a two input AND gate with inputs A & B and output R, using 3X3 Toffoli gate when C is grounded.

From the truth table in Fig. 10, characteristics of two input AND gate operation is done, if C = 0 and we will get the output from
Port ‘R’, using Peres gate.

[ INnpUT ] OUTPUT
A [B[c [P=A Q=AXORB| R=ABXORC
0 o [o]o 0 0
0 [1 (o]0 [} 0
1 |o [o |1 1 0
1 |1 o |1 1 1

Fig. 10: Implement a two input AND gate with inputs A & B and output R, using 3X3 Peres gate when C is grounded.

From the truth table in Fig.11, we will get the characteristics of two input AND gate operation when both C and D are grounded,
and then, we will get the output through port ‘S’, using HNG gate.

INPUT
A B |C|D

OUTPUT
R=AXORB XORC

P=A |Q=8B S= (A XOR B)C XOR AB
XORD

[

0
0
k]

= =lo|o
o|r|o
o|o|o|o
olo|o
» OO
)
rlolo

1

Fig. 11: Implement a two input AND gate with inputs A & B and output R, using 4X4 HNG gate when C and D are grounded.

0 1 0

From the truth table in Fig.12, we will get the characteristics of two input AND gate output through Port ‘R’ when *Z’ is grounded,
using Fredkin gate.

INPUT OUTPUT
X b 4 4 P=X Q=X'Y XOR XZ R=X'Z XOR XY
0 0 0 0 0 0
0 1 0 0 1 0
1 0 0 1 0 0
1 1 0 1 0 1

Fig.12: Implement a two input AND Gate with inputs X & Y and output R, using 3X3 Fredkin gate when Z is grounded.

From the truth table in Fig.13, we will get the characteristics of two input AND gate output when C and D are taken as ‘0’ and we
will get the output through Port “S’, using TSG gate.

INPUT oUTRUT
AlBfc]o | pzA [QzNC| R=(NCXORE) |[S=(A'C XORB)DXOR
XORB' | XORD (ABXOR€)
olofofo [0 [0 o 0
of1fofo [0 [t |1 0
tjofofo |t |1 |1 0
t[1fofo Tt Jo To 1

Fig. 13: Implement a two input AND gate with inputs A & B and output S, using 4X4 TSG gate when C and D are grounded.
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B. Or Gate
From the truth table in Fig.14, characteristics of two input OR gate operation is done through Port ‘Q’ and when Z = 1, using

Fredkin gate.

INPUT OUTPUT
X Y 4 P=X Q=X'Y XOR XZ
0 0 1 0 0
0 1 1 0 1
1 0 1 1 1
1 1 1 1 1

Fig. 14: Implement a two input OR gate with inputs X & Y and output Q, using 3X3 Fredkin gate when Z is 1.

From the truth table in Fig. 15, characteristics of two input OR gate operation is done through Port S, when C = 1 and D is
grounded, using HNG gate.

INPUT OUTPUT

A B| C| D |P=A |Q=B|R=AXORBXOR |S=(AXORB|CXORABXOR
C D

0 0] 1] 00 0 |1 0

0 101010 1 |0 1

1 0] 1] 0|1 0 |0 1

1 (1] 0|1 1|1 1

Fig. 15: A two input OR gate with inputs A & B and output S, using 4X4 HNG gate when C is 1 and D is grounded.

From the truth table in Fig. 16, characteristics of two input OR gate operation is done through Port S, when C is grounded and D =
1, using TSG gate.

INPUT OUTPUT

A B ci(D P=A |Q=A'C’ |[R=(A'C'XORB) |S=(AC'XORB)D
XORB' |XORD XOR(AB XORC)

0 0 01 0 0 1 0

0 1 01 0 1 0 1

1 0 01 1 1 0 1

1 1 01 1 0 1 1

Fig. 16: Implement a two input OR gate with inputs A & B and output S, using 4X4 TSG gate when C is grounded and D is 1.

C. Nand Gate
From the truth table in Fig. 17, characteristics of two input NAND gate operation is done through Port R, when C = 1, using Toffoli
gate.

INPUT OUTPUT
A B C P=A Q=8B R=ABXORC
o o 1 o o 1
o 1 1 o 1 1
1 o 1 1 o 1
1 x 4 1 1 1 o

Fig. 17: Implement a two input NAND gate with inputs A & B and output R, using 3X3 Toffoli gate when C is 1.

From the truth table in Fig. 18, two input NAND gate operation is done through Port R, when C = 1, using Peres gate.

INPUT OUTPUT
AlB C P=A | Q=AXORB | R=ABXORC
o[ oJ1Jo 1 1
o 110 1 1
1| o |1 |1 0 1
1| 11 [1 0 0

Fig. 18: Implement a two input NAND gate with inputs A & B and output R, using3X3 Peres gate when C is 1.

From the truth table in Fig. 19, characteristics of two input NAND gate operation is done through Port S, when C is Grounded and D
=1, using HNG gate.
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INPUT OUTPUT
A B (C D P=A | Q=B R=AXORBXORC | S=(AXORB)C XORAB
XORD
o 0 |0 |1 o o [ 1
0 101 ] 2 1 1
1 0 |0 |1 1 0o 1 1
1 10 |1 1 1 0 0

Fig. 19: Implement a two input NAND gate with inputs A & B and output S, using 4X4 HNG gate when C is grounded and D is 1.

From the truth table in Fig. 20, characteristics of two input NAND gate operation is done through Port S, when C =1 and D is
Grounded, using TSG gate.

INPUT OUTPUT
A[BJC| D | P=A|QzAC| R=(NCXORB) | S=(A'C'XORB'DXOR
YORB' XORD (ABXOR €)
0 jojt0 |0 |1 1 1
o (110 [o o 0 1
tfoftfo [t |1 1 1
1 [tftfo [t o 0 0

Fig. 20: Implement a two input NAND gate with inputs A & B and output S, using 4X4 TSG gate when C is 1 and D is grounded.

D. Nor Gate
From the truth table in Fig. 21, characteristics of two input NOR gate operation is done through Port S, when C and D, both are 1,

using HNG gate.

INPUT OUTPUT

A B C D P= Q=B |R=A |S=(AXOR
XORB |BJCXORAB
XORC [XORD

0 0 1 1 0 0 1 1

0 1 1 1 0 1 0 0

1 0 1 1 1 0 0 0

1 1 1 1 1 1 1 0

Fig. 21: Implement a two input NOR gate with inputs A & B and output S, using a 4X4 HNG gate when C and D are 1.

V. ILLUSTRATION
fn(a, b, c, d) be a four valued Boolean function as shown in (1). Implementation of this function using reversible logic gates, with
truth table is shown in Fig. 22.

fn(a,b,c,d)y =(a+b)c+ad........(1)

A —p— p—P1

b ] Fredkin 1

i Gate R1

—-r
C et TOFFOLI Q2
Gate

) —— R2

P4

B FREDKIN
TOFFOLI

p— ()
Q3 Gate Y
Gate R3 1

R4

Fig. 22
[Here, P1 =a, Q1 =a’b xor b, R1 =a’ xor ab, P2=a’b xor b, Q2 =c¢,R2 = (a’bxor ab)and c, P3=a,Q3=d,R3=aandd, P4 =
(a’b xor ab) and ¢, Q4 = [((a’b xor ab) and c)’and ad] xor ad, R4 = (((a’b xor ab) and c)’xor [((2’b xor ab) and c] and ad) ].

VI. CONCLUSION
From the analyses, we can conclude that reversible gates can be used to implement all the basic as well as universal gates. Also, it
can be used to implement any combinational digital operations using the truth tables, useful for those designs.
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