IJRASET

International Journal For Research in
Applied Science and Engineering Technology

" INTERNATIONAL JOURNAL
FOR RESEARCH

IN APPLIED SCIENCE & ENGINEERING TECHNOLOGQGY

Volume: 8 Issue: Vi Month of publication: June 2020

DOIl: http://doi.org/10.22214/ijraset.2020.6176

www.ijraset.com
Call: (£)08813907089 | E-mail ID: ijraset@gmail.com




International Journal for Research in Applied Science & Engineering Technology (IJRASET)
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.429
Volume 8 Issue VI June 2020- Available at www.ijraset.com

Some Improved Classes of Estimators using
Auxiliary Information

Shashi Bhushan', Raksoni Gupta’, Saurabh Singh®, Anoop Kumar*
1.3 “Department of Mathematics and Statistics, Dr. Shakuntala Misra National Rehabilitation University, Lucknow, U.P, India.
“Department of Statistics, National Post Graduate College, Lucknow, U.P., India.

Abstract: This paper addresses the problem of estimating the population mean using auxiliary information. A class of linear
combination of estimators have been proposed including Srivastava and Walsh type estimators for estimating the population
mean. The properties of the suggested family have been discussed. Expressions for the bias and mean square error (MSE) of the
suggested family have been derived. It has been shown that the proposed class of estimators has minimum mean square of error
as compared to various estimators available in the literature of sampling. An empirical study has been also included at the end to
support the fact.
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L. INTRODUCTION

In sampling, the use of auxiliary information has been permeated the important role to improve the efficiency of the estimators. It is
well known that the use of auxiliary information results in substantial gain in efficiency over the estimators obtained from those
which do not use such information. Out of many, ratio, product and regression methods of estimation are good examples in this
context. When the correlation between the study variate y and the auxiliary variate x is positive (high), the ratio method of
estimation is quite effective. On the other hand if this correlation is negative (high), the product method of estimation envisaged by
Robson (1957) and rediscovered by Murthy (1964), can be employed. Estimators using information of the known population mean
of an auxiliary variable have generalized to the cases when such information is available for more than one auxiliary variables by
several authors like Olkin (1958), Raj (1965), Rao and Mudholkar (1967), Singh (1967), Srivastava (1965) and Shukla (1966) and
Agrawal and Panda (1993) etc. This paper deals with the problem of estimating the population mean of the study variable using
single auxiliary information and thereafter, the proposed class of estimators has been extended to the use of multiple auxiliary
information. Many authors have made use of linear combination of various estimators available in literature, Singh and Solanki
(2011) is one example from the list. In this paper, we have suggested an alternative class of estimators using a linear combination of
Srivastava and Walsh estimators in section 2. Section 3 deals with the extension of the proposed class of estimators using two
auxiliary variables, related bias and mean square error are obtained up to the first order of approximation. Furthermore, section 4
gives the ultimate extension of the proposed class of estimators using multiple auxiliary information along with the bias and
minimum mean square error of the proposed one. Theoretical comparisons with some known estimators of the literature like, mean
per unit, ratio, product and some special cases of the proposed class of estimators are given under section 5 and 6 respectively. An
illustration, to support the theoretical comparisons, is given as an empirical study in section 7.

1. THE SUGGESTED CLASS OF ESTIMATORST
Consider a finite population U =(U,,U,,...,U,) of size N from which a sample of size n is drawn in accordance with SRSWOR.

Let y, and x, denotes the study variable and the auxiliary variable for the i" unit respectively. We define a class of estimators for
the population mean as

sl

It is also to be mention that

2.1)

(i). For (w,,w,)=(1,0) , the class of estimators T reduces to the class of estimators due to Srivastava
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2.2)

x
X 2.3)

t, :?[#]
X+6(x—x) 2.

Ny =W V| —/————F———
X +5(x-X) 25
)

] (2.6)

(vi). For(w;,w,,g)=(1,0,1), the class of estimators T transforms to the usual product estimator
—( x
t, = ){7
(2.7)

1) Theorem2.1
The bias and MSE of the proposed estimator is given by

J (92_1) ACXZJ +w, (1-48p,,C,C, + 15°C?) —1}

Bias(T) =\?{w1 (1+ 29p,C,C, +
(2.8)

W} (1+AC} +9°AC! +494p,C,C, +g(g-1)AC})
+w; (1+AC] + 8AC] —454p,,C,C, +25°AC})

_ ~1)AC?
MSE(T)=Y"| -2, [1+ 92p,C,C, +%]

-2w, (1-84p,,C,C, +5°AC)
1+294p,.C,C, —254p,,C,C,

2W, W, —1)AC2 +1
v +M+5xcf—5gzc§+zc§
=?2|:1+W12A+W§C+2W1W2D—2W18—2W2E:| 2.9)
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where
A=(1+AC] +g*AC] +492p,C,C, +9(g-1)AC])
~1)AC?
B= (1+gipyx —g(g 2) ]

C =(1+AC} +38°AC] —454p,,C,C,)

D=1 9 (g _1) A’sz 242 2 2
= +ZgﬂpynyCX —25ﬂ,pyXCyC +————+06°AC, —59AC, +ﬂ,Cy

E =(1-64p,,C,C, +5%AC})

2) Corollary 2.2
The MSE of the class of estimators is minimized for

W= (BC DE)
1= (AC Dz) 1(0pt)
(2.10)
w (AE BD) w
2 (AC Dz) 2(opt)
(2.11)
Substituting (2.10) and (2.11) we get the minimum MSE of the class of estimators as
—2| (B°C-2BDE+AE’)
MSE,, (T)=Y |1-
(AC-D?)
(2.12)

3) Theorem 2.3
To the first order of approximation

MSE,,,, (T)>Y [1—(

B2C — 2BDE +AE2)
(Ac - D2)
with equality holding if

Wy = Wyopr)

W, =W, (gp)
Putting (w,,w, ) =(1,0),(w;,0),(0,1),(0,w,), (W, w,,9)=(10,-1),(w,w,,8)=(0,1,1)and (w,w,,g)=(1,0,1)in (2.9), we get the
MSEs of the estimators t_, 1, ,t, ,n, tz andt, respectively, to the first order of approximation as

MSE(t,)=Y [L+A-2B]=2Y [C+g°C?+2gp,C,C, ]

(2.13)
MSE (7,) =Y [1+w2A-2wB] (2.14)
MSE(t,) =Y [1+C -2E]= /1\72[05+5205—25pyxcycx] (2.15)
MSE (1) =Y [1+wc 2w,E | (2.16)
MSE (t,) =AY [CZ+C2~2p,C,C, ] 2.17)
MSE (t,) =AY [CZ+C2 +2p,C,C, ] (2.18)
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Cy
g(opt) pyx C_
. B
Wl(opt) = K
C
_ y
5(0pt) = Py C_
. E
W2(0pt) - E

The resultant minimum mean square error of t,,n, ,t,,n, arerespectively, given by

—2
MSE,, (t,) = MSE,,, (t,) =AY CZ(1-p)

(2.19)

MSE (77)—\72[1 sz

min \'Is )] — _T
(2.20)

— E?

MSEmin (nw):Y [l_Fj
(2.21)

The MSE,,, (t,),MSE,,, (, ) given by (3.32) is same as the MSE of usual regression estimator y, .

1. EXTENSION OF THE PROPOSED ESTIMATOR USING TWO AUXILIARY VARIABLES x, and X,

Consider a finite population of size N from which a sample of size n is drawn with the help of simple random sampling without
replacement. Let y denotes the variable under study whose mean is to be estimated making the use of two auxiliary variables
X, and x, . It is to be assumed that the population mean is known. The suggested class of estimators under the scheme of two

auxiliary variables transforms to

T*—nggl £92+W§ Yl Yz
1 Yl Yz 2 Y1+51 (;1—Y1) Y2+52 (;2—Y2) (3 1)

where g, and 6, are the characterising scalars whose values can be determined from the non-Searls form of the above proposed

class of estimators& and xi denotes the sample mean of the study variable y and sample means of the two auxiliary variables x,
respectively. (i=1,2)

It is important tom note that this class of proposed estimator extend the use of Olkin (1958), Srivastava (1965) and Walsh using the
Searls approach.

1) Theorem 3.1
Bias and MSE of the above suggested class of estimators using two auxiliary variables is given by
-1 -1
| w [1+ 9,4p,,C,C, +9,4p,, C,C, +9,d,4p,,C,C, + (9, ),mjl 2 (9, ),u:jz]
Bias(T")=Y 2 2

+w, (1-8,2p,,C,C, —8,4p,,C,C, +5,5,Ap,, .C,C, +3°AC} +5,°AC] )-1
(3.2)
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L(1+AC2 +9,4C? +0,°AC]. +49,4p,,C,C, +49,2p,,C,C,
1
"'491gzﬂ'pxixzC><1Cx2 +0; (gl _]-)}“Cfl +0, (gz _1))“(:52
,(1+4C? +3872C} +38,°AC. —48,4p, C,C,
*| -46,4p,,C,C, +483,4p,,C,C,
1+ g]_ﬂ’pyxlcycx1 + gzﬂbpyx2 Cny2 + g]_gzﬂbpxlx2 Cxlcx2

MSE(T")=Y" | 2w, EACAS) 9.(9.-1)
2
2w, (1+68,°AC. +8,°AC, -8,4p, C,C, —8,4p,, C,C, +8,5,2p,, C,C, )

2 2
ACE + ACE

1+ AC2 +87AC? +524C2 —8,g,AC% —5,0,AC. +29,4p,, C,C,
+29,4p,,C,C, ~25,Ap,.C,C, ~25,4p,.C,C, +8,8,7p,,C,C,
2W1W2 'f_glgzﬂ'pxlx2 Cx1 sz - glézlpxlxzc c +1

X X

-1 ACZ -1 Ac2
-6,9,2p,,,C,C,, + 9, (9, . H N 9,(9, . )ACS

—2

=Y [1+ WA +WC” +2ww, D" — 2w B" — 2w,E" |

(3.3)
where
A 1+ ch + gf/’th1 + gzz/lcfz +4g9,4p,,C,C, +49,4p,CC,
+4glgzlpx1xz Cxlcxz +0; (gl _1)/1(:)(21 +0; (gz _1)/1(:52
1+ g]_ﬂ'pyxlcycx1 + gzﬂ“pyx2 CnyZ + g]_gzj’pxlxzcxlcxZ
B = " gl(gl _1) ﬂ.Cz n gz (gz _1) ﬂ.Cz
2 k 2 2
o 1+ ch +3512/ICX21 +3622/1sz —46,4p,,C,C,
—46,4p,,,C,C, +40,0,2p,, C,C,
1+ ACVZ + 512),Cf1 + 522/1CX22 - 5191/1051 - 6292/1sz +29,4p,,C,C,
+29,4p,, C,C, —20,4p,, CC, —25,4p, CC, +06,6,4p,,C,C,
D = +glgzlpx1xz C><1C><2 - 9152/1/))(1><2 Cx1Cx2
g (91 _1))“C§1 9, (gz _1))“Cx22
—5192&,:3X1X2CX1CXZ + > + 7
E" =(1+84C] +5,°AC] -6,4p,, C,C, ~3,Ap, C,C, +8,5,4p,,C,C, )
2) Corollary 3.2
The MSE of the class of estimators is minimized for
(B'C'-DE")
(3.4)

(AE"-B'D)
(A'c’-D7)

WZ = Wz(op\)

(3.5)
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Substituting (3.4) and (3.5) we get the minimum MSE of the class of estimators as
—2|. (B”C"-2B'D'E"+AE”)
Y |1-

MSE,,,, (T") = (K07

(3.6)

IV. MULTIVARIATE EXTENSION OF THE PROPOSED CLASS OF ESTIMATORS USING MULTIPLE AUXILIARY
INFORMATION

Let there are k auxiliary variables then we can use the variables by taking a linear combination of these k estimators of the form ().

Then the estimator for population mean will be defined as

w3 oty

(4.2)
where g; and &, are the characterising scalars(i =1,2,..., k)
1) Theorem 2.6
Bias and MSE of the above estimator can be obtained as
1
[1+Zg 2p,.C,C, + z 9,9,4,xC,C, +ZT),10§]
Bias(T,,) =Y A
k
+W, [1 25 Ap, C,C, + z 00;4p.x C, C, +Z5i2/1cfi]—1
izj=1 ! ! i=1 (42)

Kk Kk
1+AC%+ Z g/’ACE + 42 914p,,C,C, +49,2p,,C,C,
2
Wl

+4Zgg/1pxxc C, +Zg -1)AC;

i=j=1 i=1

+W, (1+/102+325 AC; —4252,,%0 C, +4Z 8,8, 2pyx,Cy, Cy J

i=j=1

MSE(T*):\?

k k —
_2W1 (]'-f_Z:giﬂ'pyxlcycxI + Z gigj)“pxlxl CXICXI +Z%I1)ACX2|]
i=1

i%j=1 i-1

k k k
—2w, (1— >'64p,C,C, + > 868,4p,, C,C, +> 57AC? J
i=1

i%j=1 i-1

k k k
1+2C? +25i2,10§ —Zéigizcj +2)9,2p,,C,C,
i=1

k
2w,w, —225 Ap,C,C, + Z 5:8,20,,C.C, + Y 6,0,2p,, C,C, |+1
izj=1 i=j=1
(g -1
_Z giéjﬂ'px,xlcx,cxl +Zwlcz
izj=1 i-1
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-y [1+wAn+wc +2ww,D, —2wB - 2w,E, |

(4.3
where
k k
1+AC! Jngf),Cfi +4z 9:4p,,C,C, +49,40,,C,C,
A =
+4Zgg),p“c C, +Zg -1)AC;
izj=1
D) oo
B, = 1+Zg/1pyxc C, + Z 9,940, C,, Cy +ZT/1<:Xi
i=j=1
C,= 1+/102+325 2C} - 425,1,%0 C, +4Z 5,8 szixjcxicxi]
i=j=1
1+AC; +Z5 ACZ 25 g ),Cz +ZZg 2p,, C,C,
i=1
D, = —225 2p,,C,C, + Z 80,4P,,C, Cy, + Z 99,495, C Cy,
i=j=1 i=j=1
(g -1
—Z 0:6; 49y, C Cy, +Z%xcj
i j=1 i=1
k
E,=|1- Z&Apvxc C, + Z 86,20, C,C, +Zaﬁzc§)
i=j=1 i=1
2) Corollary 2.7
The MSE of the class of estimators is minimized for
(Bmcm - Dm Em) W
1= ﬁ = Wiopt)
(ACa-Dy) (4.4)
AnEm B Bm Dm
W, = W = Woopt)
m ~ Un (4.5)
Substituting (4.4) and (4.5) we get the minimum MSE of the class of estimators as
|, (BGBRE AR
(4.6)

V. COMPARISON OF THE ESTIMATORS
A comparison of the proposed classes of estimators with some of the known estimators available in the literature viz., the usual
mean per unit estimator, usual ratio, product estimators in terms of biases and mean square error up to order has been shown under
this section. Also a comparison with some special cases of the proposed class of estimators has been given thereafter.
1) Mean per unit estimator

It is an unbiased estimator of population mean and its variance is given by
var(y)=aY'C?
(5.1)
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where x may be chosen as x, or X,

Bias (Y, ) = AYC, (C, - p,C, )

(5.2)

— —2

MSE(yR):iY (cz+c?-2p,C,C,) 53)

3) Product estimator

- =X

Yp = y?

Bias (Y, ) = 4Yp,.C ,C, 6.4
— —2

MSE (y, ) =AY (C; +C? +2p,C ,C,) 55)

4) If (w,w,)=(10),(w,w,)=(w,0),(w,w,)=(0,1) and (w,,w,)=(0,w,) then the proposed classes of estimators become:

o]
-
e

(iv). n =WJ[$]
" X +6(x—X)

The biases and the mean square errors of the above estimators are given below:

(i). Bias(t,) :V{glpyxcycx + 8 (92_1) zcjj

><||><I

><||><I

(5.6)

MSE,,, (t,) =AY C}(1-p}) 5.7)

(ii) . Bias(n,) :\?{w1 {1+ 29p,C,C, +2 (92_1) zch—l}
(5.8)
— B?

MSEmin (’75 ) =Y [l_Tj (59)
(iii). Bias(t,)=Y(45°C} - 18p,C,C,) (5.10)
MSE,,, (t,) =AY C}(1-p}) (5.11)
(iv). Bias(t,)=Y {w2 (1-28p,C,C, +/152cf)—1} (5.12)
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(5.13)

5) The proposed class of estimators using two auxiliary variables
X _ ;1 [} X_2 92 _ Yl Yz
T = Wl y = = + W2 y pr— — pu— pr— g pr—
X1 X2 X1+51(X1—X1) X2+52(X2—X2)

Bias and minimum MSE can be seen from equations (3.2) and (3.6) respectively.

6) Multivariate extension of the proposed estimator

T _k X_| 8 _k X_.
1] it ey

where g; and &, are the characterising scalars (i =1,2,..., k)

The respective biases and minimum mean square errors of the above proposed class of estimators can be seen from (4.2) and (4.6).

VI. EFFICIENCY COMPARISON
In this section, we have compared the efficiency of the proposed class of estimators T with usual y(usual unbiased estimator),

Ve (=t;) (ratio estimator) and y, (=, ) (product estimator) to the first order of approximation,

var(y)=MSE(y)= av'c?

(6.1)
MSE (¥, ) = MSE (t;) = 4Y [C2+C2-2p,C,C, | 62
MSE (¥, )= MSE(t,) = 2Y [C?+C?+2p,C,C, ] 63
From (2.12), (2.13), (2.15), (2.17), (2.18), (2.19), (2.20), (2.21), (6.1), (6.2) and (6.3), we get
Var(y)—[l\/ls.Emin (t,) = MSE,,, (t,) = MSE(y,, )J —2Y'C2p2 >0 64
[MSE (=)= MSE(t, )J ~MSE(y, )=2Y"(C,- p,C,) 20 65
[MSE (¥+) = MSE(t, )J ~MSE(y, ) =AY (C, +p,C,) 20 69
MSE (ts)—[MSEmin (t,) = MSE(y, )J =2Y"(gC, +p,C,) 20 -
MSE (tw)—[l\/ls,Emin (t,) = MSE (Y, )J =2Y"(6C, - p,C,) 20 68)

—2(A-B)
MSE(t,)- MSE,. (1,)=Y >0
( s ) min (T]s ) A (69)
—2(C-EY’
MSE(t )-MSE._ (n.)=Y =) >¢
( w) min (T]w) E (610)
B o2 (AE-BD)’
IvlSEmin (775) IvlSEmin (T) =Y A(AC _ Dz) 20
(6.11)
B 2 (BC-DE)’
IV|SEmin (T]w) IV|SEmin (T ) =Y C (AC _ DZ) 20
(6.12)
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VII. EMPIRICAL STUDY
The comparison among these estimators is given in this section using a real data set. The data for this study is taken from [1],
District Handbook of Aligarh, India. The population contains 332 villages. A simple random sample 80 villages is taken for the
study. We consider the variablesY , X, and X, as the number of cultivators, area of the village and number of household in the

village respectively. We compute the bias and the MSE for all estimators. The following values were obtained using the whole data
sets:

Y =1093.1, X,=181.57, X, =143.31
C,=0.7626, C, =0.7684, C, =0.7616
p,, =0973, p, =0862, p,, =0.842

Using the above results we have calculated the MSE and PRE for all the estimators in section 5. The PRE for each estimator with
respect to the sample mean of a SRS is defined as follows:

e(y'):_%((;y,)) *100

where MSE(y') is the mean square error for each estimator suggested in Section 5 and MSE (;) =Var (9) for a sample of size 80.

Estimators Auxiliary variables MSE Percent Relative
Efficiency (PRE)
y None 6593.04 100
yR X, 359.11 1835.92
yR X, 1817.31 362.79
yp X, 26214.39 25.15
yp X, 24520.31 26.89
t, X, 351.22 1877.19
t, X, 1694.12 389.17
n, X 351.04 1878.15
1, X, 1690.50 390.01
t, X, 351.22 1877.19
t, X, 1694.12 389.18
n, X 351.12 1877.75
M X, 1691.72 389.72
T X, 351.20 1877.31
X, 1694.12 389.17
T X, X, 4764.41 138.38
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