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Abstract: In this article, we have purposed a new probability distribution created by using the Lindley-G family with baseline
distribution as exponential power distribution called Lindley exponential power distribution. The mathematical and statistical
properties of the proposed model are discussed. These include the shapes of the probability density, cumulative density and
hazard rate functions, the quantile function, the skewness, and kurtosis. We discuss maximum likelihood estimation of the
distribution parameters and asymptotic confidence interval based on maximum likelihood. All the computations are performed
in R software. An application of the model is explored using a real data set and also AIC, BIC and AICC are calculated to
assess the validity of the observed model. Finally the potentiality of LEP is compared with the fit attained by some other
distributions.
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L. INTRODUCTION

Lifetime distributions are generally used to study the length of the life of components of a system, a device, and in general,
reliability and survival analysis. Lifetime distributions are frequently used in fields like life science, medicine, biology, engineering,
insurance, etc. Many continuous probability distributions such as Cauchy, exponential, gamma, Weibull have been frequently used
in statistical literature to analyze lifetime data. For a few years, most of the researchers are attracted towards one parameter Lindley
distribution for its potential in modeling lifetime data, and it has been observed that this distribution has performed excellently in
many applications. Researchers in the last few years has developed various extensions and modified form of the Lindley distribution
which was developed by [15] in the context of Bayesian statistics as a counterexample to fiducial statistics. A detailed study on the
Lindley distribution was done by [7].

A random variable T follows Lindley distribution with parameter 6 and its probability density function (pdf) is given by

0
f(t)=——(1+t)e™; t>0,6>0 11
(=5 71+ @D
And its cumulative density function (CDF) is
1+0+6t
F(t)=1-———e"; t>0,0>0 (1.2)
1+60

Some of the modifications in the literature of Lindley distribution are given by [6] showed that the Lindley distribution is quite
similar to the exponential distribution. Reference [9] has investigated the estimation of the parameters using hybrid censored data.
The estimation of the model parameters for censored samples by [13], and this distribution was applied by [17] to calculate
competing risks in lifetime data.

In the context of distribution theory, [8] introduced weighted Lindley distribution having two parameters and has shown that it is
appropriate in modeling biological data for a mortality study. Reference [19] has introduced generalized Lindley, extended Lindley
by [3], Reference [2] for exponentiated power Lindley, and The Lindley—Exponential distribution by [4]. Reference [12] has
introduced a new extension of Lindley distribution. Further, we observed some continuous-discrete mixed approaches; Reference
[22] have defined the discrete Poisson-Lindley. The Pareto Poisson Lindley distribution has introduced by [1]. Reference [26]
introduced negative binomial Lindley distribution. Reference [5] have presented a new class of distributions to generate new
distribution based on Lindley generator (Li-G) having additional shape parameter 6. The CDF and pdf of Li-G are respectively,

F(t;e,,l)=1—[1—G(t;,1)]9[1— 0

—~Z _InG(t:A)|:t>0,0>0 13
0+1 ( )} g g (13)
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and f (t;@,i) = 90+1

0(t:4)[1-G(t:2)] " [1-InG(t:2) ] t>0,6>0 (14)

dG(t; 1)

where g(t;ﬂ.)= ,é(t;l):l—G(t;l)

The main aim of this study is to obtain a more flexible model by adding just one extra parameter to the exponential power distributio
n using (1.3) and (1.4) to achieve a better fit to real data. We study properties of the LEP distribution and explore its applicability. T
he contents of the proposed study are organized as follows. The new Lindley exponential power distribution is introduced and vario
us distributional properties are discussed in Section 2. The maximum likelihood estimation procedure to estimate the model paramet
ers and associated confidence intervals using the observed information matrix is discussed in Section 3. In Section 4, a real data set
has been analyzed to explore the applications and suitability of the proposed distribution. In this section, we present the ML estimat
ors of the parameters and approximate confidence intervals also AIC, BIC, CAIC and HQC are calculated to assess the validity of th
e LEP model. Further we have performed goodness-of-fit tests using the Kolmogorov-Simnorov (K-S), the Anderson-Darling (AD)
and the Cramer-Von Mises (CVM) statistics and found that the proposed model is better as compared to six other models. We expec
t that this model may contribute in the field of survival analysis and theory of statistics. Finally, Section 5 ends up with some general
concluding remarks.

Il.  THE LINDLEY EXPONENTIAL POWER (LEP) DISTRIBUTION
Using the Li-G family (1.3) and (1.4) we are introduced the new distribution where the baseline distribution is the exponential
power distribution. The exponential power distribution has introduced by [23] to analyze the software reliability data. The CDF and
PDF of the exponential power distribution are respectively as

G(x) :l—exp[l—e(“)a} Lo, 250, x> 0 2.1)

and g(x)=al*x* ™) exp [1— e’ }; a,2>0, x>0 (2.2)

We obtained a new distribution with three parameters (a, A, 0) for the random variable X [] L— EP(O!, A, 9) whose CDF is
defined as
F (x) =1-|1- 0 (1—e(“)a ) eXp[@ (1—e(“)a )} a, 1,050, x>0 (2.3)
1+0
The PDF is given by

2

f(x) =al” (16_0J x« g’ [1— (1— g’ )}exp [9 (1_ (4" )} a,2,050,x>0  (2.4)
+

The reliability/survival function of LEP distribution is
R(X) = {1—(%} (1— g" )} exp [9 (1— g )} @, 7,050, x>0 (2.5)
+

Suppose that an item has survived for a time t and we desire the probability that it will not survive for an additional time dt then,
hazard rate function is,

(t) - lim pr<T <t+dt) f(t)  f(1)
Cdt—>0  dtS() S S(t) 1-FQ@)

; O<t<oo (2.6)
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The hazard rate function (hrf) of L-EP distribution is

g [1?29}( e [1_(1_8(“)a )}
A
1+60

Figure 1 (left panel) the PDF plot illustrate that f(x) can bear different shapes depending upon the values of shape parameters by
keeping scale parameter fixed. The LEP distribution shows good statistical behavior based on probability density function. Fig. 1
(right panel) the HRF plot illustrate that h(x) can bear different shapes like increasing, decreasing and up-side bathtub for different

values of shape parameters by keeping scale parameter fixed. The LEP distribution shows good statistical behavior based on hazard
rate function.

h(x)= © o, 1,050, X >0 @.7)
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Fig 1. Graph of PDF (left panel) and hazard function (right panel) for A = 1 and different values of o and 6.

The Quantile function of LEP is given by

p-1+{1—(%j(1—e(“)a)}exp[ (1 e )} 0, 0<p<1 (2.8)

In descriptive statistics, the measures of skewness and kurtosis play an important role in data analysis. The coefficient of Bowley's
skewness measure based on quartiles is given by

Q(3/4)+Q(1/4)-2Q(1/2)

S, (B)= , 2.9
«(B) Q(3/4)-Q(1/4) @9

and the coefficient of Moor’s kurtosis measures based on octiles [18] is given by
<, (M) = Q(0.875)-Q(0.625)+Q(0.375)-Q(0.125) .10

Q(3/4)-Q(1/4) ’

1. MAXIMUM LIKELIHOOD ESTIMATION (MLE)
In this section, we discuss the maximum likelihood estimators (MLE's) of the LEP distribution.
Let x = (xy,.....,Xn) be a random sample of size ‘n’ from L-EP(a, A, 0), then the likelihood function L(a, A, 6/ X) can be written as,

L(at,2,0]x 2 (3" [1—(1—e<“i>“ )}ex [9(1—e<“i>a )}
a | Ha (1+0J P
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It is easy to deals with log-likelihood estimator of the parameters 1(a,A,0) is

i=1

I_nIna+anIna+2n|n0—n|n(1+0)+(a—1)znllnxi+(lx +92(1 e )+Zln{ (1 e )} (3.1)

To estimate the unknown parameters of the LEP (a,A,0), we have to solve the following nonlinear equations equating to zero

o n

a—=—+nlnl+ZInx,+22 (A% )" In(Ax,) 02 (2%) ™) In(2x,)

a a

o na 2ad a« ol < a (%)

G0 AN (x2S (ax .
-1 i=1( X;) i=l( X) e (3.2)
a_I: +M_ie(“‘)a

00 0(0+1) =

Clearly, it is difficult to solve (3.2), so by using the computer software R, Mathematica, Matlab or any other program and Newton-
Raphson’s iteration method one can solve these equations. Let us denote the parameter vector by O (a A 9) and the

corresponding MLE of 8 as 8 = (&, A,0), then the asymptotic normality results in, (é—é) —N [0 (I (5))7 } where

I (Q) is the Fisher’s information matrix given by,

o°l o°l

1(9)

Further differentiating (3.2) we get,

o°l

o°l

) <l
) &

0400

) <le

) el
J i

o°l

o°l

|

|
|

n L 2u (%) el?
————0 ﬂ. In(A -0> (A * Tn(A
7 .z X)) [n X, ] Z X) [n X, ]
82| o & gx 052 L Ax lx
=Ty (XY € <2(ax )" 1| =S5 Y 0(2% ) € 40 (ax )" € ~2(2%)
oA" A7 T =
l _ n 2n
06? (9+1)2 6’
ol n 23 a O a () 00 2a_(1x)"
=—+—) (AX) —— ) (AX Vo——» (AX Vo In(AX
) i+ii=1( X ) i;( x) e i=1( )" e n(Ax)
—QZ(ixi ) e In(ixi)+32(ixi)a In(Ax,)
AT A
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-1
In practice, it is useless that the MLE has asymptotic variance (I (é)) because we don’t know O . Hence we approximate the
asymptotic variance by plugging in the estimated value of the parameters. The common procedure is to use observed fisher

information matrix O(J ) as an estimate of the information matrix | (Q) given by

%l ol ol
oa’ Oadl ool
A) o°l oA oA

=- ——H(s
dadk  0i% 0400 (9)

Gl ol ol
0a0h 0100  00?

(6=5)

(a.i4)
where H is the Hessian matrix.

The Newton-Raphson algorithm to maximize the likelihood produces the observed information matrix. Therefore, the variance-
covariance matrix is given by,

) var(@)  cov(@, 1) cov(d,d)
[—H(Q)| | = cov(@,A) var(1) cov(d, 1)
cov(d,0) cov(d,2)  var(d)

Hence from the asymptotic normality of MLEs, approximate 100(1-a) % confidence intervals for a, A, 6 can be constructed as,

atZ, ,\var(@) , A+Z,,+/var(1) and O+ Z_,,+ var(6) , where Z,, is the upper percentile of standard normal variate.

(AVA ILLUSTRATION WITH A REAL DATA SET

In this section, we illustrate the applicability of Lindley exponential power distribution using a real data set. The data set we have
taken is the Aircraft Windshield data sets used by [24]. The data represents the service times for a particular model windshield that
had not failed at the time of observation. The unit for measurement is 1000 hours.

0.046, 1.436, 2.592, 0.140, 1.492, 2.600, 0.150, 1.580, 2.670, 0.248, 1.719, 2.717, 0.280, 1.794, 2.819, 0.313, 1.915, 2.820, 0.389,
1.920, 2.878, 0.487, 1.963, 2.950, 0.622, 1.978, 3.003, 0.900, 2.053, 3.102, 0.952, 2.065, 3.304, 0.996, 2.117, 3.483, 1.003, 2.137,
3.500, 1.010, 2.141, 3.622, 1.085, 2.163, 3.665, 1.092, 2.183, 3.695, 1.152, 2.240, 4.015, 1.183, 2.341, 4.628, 1.244, 2.435, 4.806,
1.249, 2.464, 4.881, 1.262, 2.543, 5.140

By maximizing the likelihood function in (3.1), we have computed the maximum likelihood estimates directly by using optim()

function in R software [20] and [21]. We have obtained the estimated value of o, X and 0 as a = 0.9772214, )t =0.3946060 and é =

0.1938969 corresponding Log-Likelihood value is -98.11712. In Table 1 we have demonstrated the MLE’s with their standard
errors (SE) for a, A and 0.
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Table 1: MLE and SE

Parameter MLE SE
alpha  0.9772 0.5295
lambda 0.3946 0.4169
theta  0.9612 1.3452

In Fig. 2 have displayed the profile log-likelihood functions of o, A and 6 and it is proven that MLES are unique.
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Fig 2. Profile log-likelihood functions of a, A and 6.

The Q-Q plots and P-P plot of LEP distribution are displayed in Fig. 3. It is observed that the distribution fits the data excellently.
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Fig 3. The Q-Q plot (left panel) and P-P plot (right panel) of LEP distribution
For the comparison propose we have fitted the LEP distribution and some selected distributions which are as follows,

A.  Weibull Extension (WE) Distribution
The probability density function of Weibull extension (WE) distribution by [25] with three parameters (a, B, ﬂ.) is

x P L x ) x )
fwe (X, B, A1) = AP (—) exp(—) exps —ia exp(—) -1 ; x>0
(04 (04 (04

a>0,p>0and A >0
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B. Generalized Exponential Extension (GEE) Distribution
The probability density function of GEE distribution by [16] with the parameters ¢ ﬁ and A is

foee (Xi00,8.2) = i (1+4x)* L exp {1—(1+ 2x)%

[1— exp{l—(1+ /lx)“}]ﬂ_l - x>0.

C. Weighted Lindley Distribution
Reference [8] has introduced a two-parameter weighted Lindley distribution and its PDF can be written as,
00!-‘1-1

—x“‘1(1+ x)e_gx x>0, >0,0>0.
(a+6)I(a)

fw (X) =

D. Generalized Exponential (GE) Distribution
The probability density function of generalized exponential distribution by [10] is.

=]
foe (i, 1) =a 2 e X {1 X" (@,4) > 0,x>0

E. Lindley-Exponential Distribution (LE)
The probability density function of Lindley—Exponential distribution [4] is,

fo(X)=2 L ef“(1—e*“)9’1{1—|n(1—e*“)}-A 6>0, x >0
EM M 140 T ’

The negative log-likelihood value and the value of AIC, BIC, CAIC and HQIC are presented in Table 2. We conclude that the propo
sed model produces a better fit to the data taken than other models.

Table 2
Log-likelihood, AIC, BIC, CAIC and HQIC

Model  -LL AIC BIC  CAIC  HQIC

LEP  98.1878 202.3756 208.8050 202.7823 204.9043

WE 08.2657 202.5313 208.9608 202.9381 205.0601

GEE  98.6627 203.3254 209.7548 203.7322 205.8541

WL  101.7626 207.5252 211.8114 207.7252 209.2110

GE  103.5466 211.0933 215.3796 211.2933 212.7791

LE 104.5060 213.0120 217.2983 213.2120 214.6978

The histogram and the fitted density functions are displayed in Fig. 4 which compares the distribution function for the different
models with the empirical distribution function produces the same. Therefore, for the given data sets illustrates the proposed
distribution gets better fit and more reliable results from other alternatives.
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Fig 4. The Histogram and the PDF of fitted distributions (left panel) and Empirical CDF with estimated CDF (right panel).

In Table 3 we have displayed the value of the test statistics the Kolmogorov-Simnorov (KS), the Anderson-Darling (AD) and the
Cramer-Von Mises (CVM) statistics and their corresponding p-value of different models. The result verifies that the proposed
model has the minimum value of the test statistic and higher p-value thus we conclude that the LEP distribution is good in the view
of goodness-of-fit.

Table 3
The Goodness-of-Fit Statistics and Their Corresponding p-Value

Model KS(p-value) AD(p-value) CVM(p-value)
LEP  0.0661(0.9293) 0.0405(0.9319) 0.2724(0.9572)
WE 0.0694(0.9013) 0.0460(0.9018) 0.3020(0.9364)
GEE  0.0958(0.5771) 0.0684(0.7633) 0.4040(0.8442)
WL 0.1303(0.2154) 0.1665(0.3436) 0.9554(0.3812)

GE 0.1438(0.1335) 0.2333(0.2114) 1.3165(0.2270)
LE 0.1488(0.1108) 0.2596(0.1767) 1.4828(0.1807)

V.  CONCLUSION
In this study, we have introduced a new extension of the Lindley model called Lindley exponential power (LEP) distribution. Some
statistical properties of the LEP model have been discussed. From the graphical analysis of PDF and HRF, the proposed model is
versatile and increasing, decreasing and up side bathtub hazard function. We have calculated the maximum likelihood estimation of
the model parameters and the corresponding information matrix of the MLE’s. We have also studied the application of LEP
distribution using a real data set and found quite useful and behaves better in terms of fitting than some selected models. It may be
an alternative model for the practitioners in the area of theory and applied statistics.
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