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Abstract: Analyses of steady, two-dimensional, laminar boundary layer flow and transfer of heat over a moving wedge in
nanofluids are carried out. Here we consider single-phase model for nanofluids in which fluid medium and solid nanoparticles are
in thermal equilibrium and the flow will have the silmilar velocity. Three different water-based nanofluids namely Copper,
Alumina and Titania are accounted. The outer potential flow is estimated by the power-law relation. Using similarity
transformations the conservation of momentum and energy equations are transformed into an ordinary differential equations and
are solved analytically in circumstances where the analytical solutions are possible and otherwise numerically by Keller box
method. The velocity and temperature profiles for several values of pressure gradient parameter, ratio of free-stream velocity to
boundary velocity and solid volume fraction parameter of the nanofluid are presented graphically. Our results show that there is a
good agreement among analytical and numerical solutions. . Also, results further show that the heat transfer rate for Copper (Cu)
is higher than that of Alumina (Al,03) and Titania (Ti0,).

Keywords: Nanofluids, boundary layer flows, heat transfer, analytical method, Keller-box method

L. INTRODUCTION

Although solids are better conductors of heat than fluids, various industries like the vehicular and aviation industry, transport industry,
hydronic systems, textile, petrochemical, paper and pulp, food and chemical processing industries use fluids as the medium for heat
transfer in their heating and cooling systems. The thermal conductivity of fluids to transfer heat is of significant importance on all
these applications. The presence of suspended solid particles has been found to significantly improve the thermal conductivity of
fluids as compared to the conventional process of heat transfer in fluids. Several experiments and theories were proposed to show the
effectiveness of thermal conductivity of fluids once solid particles are suspended in them. However, studies conducted by researchers
at Argonne National Laboratory suggest that millimeter or micrometer sized particles cannot be used owing to the severe clogging that
they cause. To overcome this difficulty, they suggested that the size of the particles be smaller, nano-sized particles (between 10nm
to 1nm). When such particles are suspended in industrial heat transfer fluids it gives rise to a new class of industrial fluids with high
thermal conductivity. Choi [1] termed this new class of fluids as nanofluids. The more common nanofluids use water, engine oil,
ethylene, glycol, toluene, glycerine etc. as the heat transfer fluid or base fluid and metals (Au, Ag, Cu, Al), non-metals (graphite,
carbon nanotubes), metal oxides (Cu0, Mg0, Zn0, Si0,, Ti0,, Al,0;), Carbide (SiC), Nitrides (AILN, SiN) etc. the choice of
base fluids and solid particles mixture depends on the application it is intended for. Nanoparticles are usually produced in the form of
powders. These are either spherically or cylindrically shaped and are prepared out of several material either using physical or chemical
processes. Physical methods comprises of grinding mechanically and inert gas condensation and chemical methods comprises of
chemical precipitation, chemical vapor deposition, micro emulsions, spray pyrolysis and thermal spraying.

Owing to the size of the suspended particles the nanofluids can flow through microchannels without clogging them and are expected to
behave like molecules of fluid. These fluids, apart from having better thermal conductivity, are very stable, and have no other
complications like sedimentation, erosion, high pressure loss, and non-Newtonian behavior. Some of their industrial and engineering
applications include power generation, transportation, electronic and space cooling, cancer therapy etc.

Several studies on boundary layer flows in nanofluids are available in literature: Mabood [2] obtained the analytical solution of an
unsteady two-dimensional MHD nanofluid flow with heat and mass transfer over a heated surface, Ahmed [3] analysed nanoparticles
in the base fluid(blood) for the axisymmetric flow of nanofluid through the artery with an axially nonsymmetric but radially symmetric
mild stenosis, Mustafa et al. [4] derived analytic solutions for stagnation -point flow of a nanofluid past a stretching sheet, Khan and
Pop [5] investigated the problem of laminar fluid flow from the stretching of a flat surface in a nanofluid, Nield and Kuznetsov [6]
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studied the classical problems of natural convective boundary-layer flow of a nanofluid past a vertical plate, Ahmad et al. [7] studied
Blasius and Sakiadis problems in nanofluids, Raman Balu [8] made an estimation of the increase in heat transfer rates by conducting a
laminar boundary layer flow analysis over a flat plate, Yacob et al. [9] studied the steady flow and heat transfer over a static or moving
wedge with a prescribed heat flux in a nanofluid. In the present paper we analyse the effects of different nanofluids on the
two-dimensional boundary layer flow over a moving wedge. The wedge is considered to be moving in the nanofluid and opposite to
the mainstream. The governing equations have been solved analytically and numerically. In the latter case, the Keller-box method has
been utilized for the full nonlinear system, The asymptotic solution is obtained to support the numerical and analytical results.

Rest of the paper is organized as follows. Section 2 devotes to derive the mathematical equations for momentum and heat transfer in
the nanofluid. Section 3 presents solution procedures namely analytical, asymptotic and numerical methods. The important results
and their discussion are explained in Section 4. The latter section concludes the important results.

Il. COMPUTATIONAL APPROACHES
A. Problem Description
In the literature, there are two methodologies to study the improvement of heat transfer by suspending the solid particles into the fluid
medium. One is single-phase model in which both fluid and solid particles are in thermal equilibrium and the flow will have similar
velocity and the other is two-phase model that takes into account of fluid and solid particles part in the process of heat transfer. Three
different water-based nanofluids containing Copper (Cu), Alumina (Al,0;) and Titania (Ti0,) are taken into consideration. The
Prandtl number (Pr) of the base fluid(water) is 6.2 and the volumetric fraction of the nanoparticles, ¢, is from 0 to 20% (i.e.
0 < ¢ < 0.2) where ¢ = 0 corresponds to the normal fluids.
Consider a steady laminar two-dimensional boundary layer flow over a moving wedge that moves with a velocity u,, (x) in a
nanofluid. The positive x-coordinate is along the surface of the wedge with apex as the origin and the positive y-coordinate is normal
to the x-axis in the outward direction to the fluid. Assuming that the nanofluid is viscous and incompressible, the basic steady state
conservation equations [10] of mass, momentum and thermal energy are

ou ov
dox dy ( )
ou ou 1 d Unf 0%u
A E L . @)
ox dy pnfdx  pnfdy
aT aT a2t
U—+v—=a,r— 3
dx oy nf gy2 ( )

subject to the boundary conditions
at y=0 u=u,(x)=U,x" v=0 T=T,

as y—-ooo  u=u,(x) =U,x™ T=T, “)
Also we have, the temperature of the wall [11] is assumed to have
T=T,=T,+Cx", where T, > T,
Viscosity is negligible on the exterior surface of the boundary layer. Therefore, from Bernoulli’s theorem (2) becomes
__Ltan_ due 5
pnfdx_ue dx ()
Substituting (5) in (2), we get
uy O, due  Hnfdu
uax+vay—ue — +pnfay2. (6)

The dynamic viscosity (Brinkman model [12]), density, thermal diffusivity and heat capacitance of nanofluids are given by

u
Hnp = Wy pnr = (1= P)ps + ¢ps,
fen
Uy = oy (PCpdny = (L= ®)(0Cy)y + $(pCy)s:
The effective thermal conductivity of the nanofluid is approximated by the Hamilton - Crosser model [13]
kng _ (ks+2kf)—2¢(kf—ks)
kp | (kst2kp)+(kp—ks)

Introducing the stream function (u,v) = (%,—%), the continuity equation is satisfied automatically. Using the similarity

transformations
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_ |2vfUeox _ [(m+1)Ugx™*1 _
p= 2 ), n—/ﬂf;i—y,r—a@

where vy = Z—f is the dynamic viscosity of the fluid fraction,
f

—Tw)0(n) + Tos

m,U,, : constants.
in (3 - 4) and (6), and simplifying, we get
Kif" + ff"+B(L—f?)=0 (7)
K,0" + f0'+r(B—2)f'6 =0 (8)
with the boundary conditions
f(0) =0,
6(0) =1,

f(©)=-2
6(0) =0

fi(o)=1 9)
(10)
where,
f(m),6 =06@),
knf

K= —+—— K, = i

<1—¢>2‘5<1—¢+¢§—;)

Pr<1 ¢+¢((§gp));>

U

Uoo
2m

m+1
When B =0, the model (7) becomes the flow over a flat plate in nanofluid, § >0 and 8 < O respectively corresponds to

accelerated and decelerated flow of nanofluid. The thermophysical properties [14] of the nanofluid particles along with base
fluid(water) are given in table 1.
Table 1: Thermophysical properties of nanoparticles and base fluid

is the ratio of free stream velocity to boundary velocity ,

is the pressure gradient parameter .

2*Physical properties Base fluid Nanoparticles
Water Copper(Cu) | Alumina(Al,05)| Titania(TiO,)
k(W/mK) 0.613 401 40 8.9538
p(kg/m3) 997.1 8933 3970 4250
C,(J/kgK) 4179 385 765 686.2

A. Analytical Method

I1l. SOLUTION METHODOLOGY
The problem has been solved using the analytical [15], asymptotic and numerical methods and the results are discussed below.

Taking f = —1 in (7) and integrating twice, we get a Ricatti type of equation

where § = f"'(0). The solution to (11) subject to (9) is given by

f@m)

provided 62 = -

1

where

G(n) = RGBT _

Substituting (13) in (7), we get
Kl (GZ GIII _
the boundary conditions (9) become

=n+K, 8 —

)

Kq8e

;o 1y 1
K f +Ef2 —;772 + K. 6n— Kin

1,1
—K—l(f"lz +K16m)

1
[ oo (er (

6GG'G" +6G"3) + (n + K, 6)(G*G" —

1-2 2, eK1262< <n+1<16>
%. Rewriting the solution (12) as

fm)=n+K,

K18
G(n)

n+K.6

V2K,

)

)= (J59))

2GG'?) — 2BG2G + K,5(2 — B)G"

- K,6GG" =0

(11)

(12)

(13)

(14)

(15)
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G0)=1, ¢'(0) =3, G'(0)=0. (16)
Motivated by the series representation of the solution (14) for § = —1, we write the solution of the form
G(n) = Lrzo ann” A7)

for general § and ¢. Substituting (17) in (15) and equating the coefficients of n™ to zero we get
a= 1 a,=2 a=2(L+(-3+p)8%+24a,),

2 T 24 \K,

a, = —(862(2 —5K,862 +2B(6 + K,562)) + 4(—2 + 5K, 52 + 2B(2 + K,562))a, + 96K, a?),

96K4
a5 = 5o (2K,8%(5 + 2K, 6%) + B(8 + 6K, 8% + K5*) — 2B (4 + 3K, 62 + 2K76*)

+4K, (=10 — 33K, 62 + 4B (15 + 4K, 6?))a, + 32K2(22 + B)a3)
and in general

-t n i i .
Ki(n+3)(n+2)(n+1) ( K1621.=0 (L + 1)((L + 2)a7’l—l.al.+2

+(B = 2)(n— i+ Vap_i110:1) + BJ=3 (Cim] KiG+ 3G +2)( + Dan_ ;0155

+Xi5 G+ 10+ 2@y, — 20+ 1)a;410541)n 1)

+ 3y iy G+ D)(-6K, (G +2)(i + 1)an_ 11042

6K (i +D(n—j—i+1)ay j 14101414541 + K1 6( +2)a,_j_;a;a54,

—2K,6( + D)an_j-ia;41041 — 2Ban_j-0;541)),

n=123. (18)
where the coefficients a,, have been expressed in terms of a, which itself is related to f''(0) by

An+s =

K183
— fr1(0)+——

(19)
2K 6
The coefficients a,, consist of two arbitrary constants f"'(0) and §. We match the series (17) with the series form of the exact

a;

solution (14) for g = —1. This gives § = /@ The other constants a, or f''(0) remains to be determined. Therefore, we have
1

infinite solutions of (7) and (9) in the form of (13). Further we evaluate f''(0) by integrating (7) with respect to n between the limits
0 and o
Iy (F = 7+ B = f2)dn = K, f"(0). (20)
We have f’(0) in the series form of f’. To obtain the numerical value of f''(0), we iterate (20) for different values of ¢, g and A.
f"'(0) obtained from (20) as well as numerical values are in well agreement.

B. Asymptotic Method
We analyse the far-field behavior of (7) asymptotically. Thus, it is enough to examine the large n behavior i.e. as n - oo, |f'(n) —
1| « 1 since the derivative boundary condition f'(n) turns out to be linear as n increases away from zero. This facilitates us to
define a new function

f@m) ~n+H®) (21)
where H(n) and its derivatives are assumed to be small. Substituting (21) with f'(n) =1+ H'(n) =1+ E(@), f"(n) =H"(n) =
E'(m) and f"'(n) = H"'(n) = E"'(n) into (7) with the boundary conditions (9) and linearizing the obtained equation, we have

r 1 ! ZB f—
E +K—1nE —K—lE—O (22)
and boundary conditions take the form
EQ)=-1+2), E() =0. (23)
Solution to (22) is given by
I
E(p) = (1+1) (—M (B2 —gm?) + [ Pe (3 ﬁ,g,—inZ)). (22)
2
In terms of f(n), the solution is given by
f{m=1+H@m)=1+E®). (25)
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C. Numerical Method
The equations (7 - 8) can be written in the form of system of first order ordinary differential equations as:

ff=g9
9'=q
8'=s
q' = (Bg*~ B ~fa) (26)

1

S = (r@—Fg6—fs)

and boundary conditions take the form
f(0)=0 g0)=-14 060)=1

g(©)=1 6(»)=0. (27)
We use backward finite-difference to the system (26 - ??), and hence we get
h
fi—=fia= ;(gj +9j-1)

h
9gi—9j-1= ;(q]‘ +qj-1)

h
6 —6j_1 =5 (55 +55-1)

n (8 ) (28)
q; —qj-1 = E(;(gj +9;-1)* —2B - ;(fj +fi—)(q; + %—1))
__h (r-B) 1
i~ Sj-1= 5 (TT 9j+9;-1)0; + 6;_1) = 2B = (f; + fi-1)(s; + 5j—1)) :
The above system (28) is nonlinear algebraic equations. In order to linearize the system we define
a].(kH) = a].(k) + Aa].(k) (29)

where a=[f g q 6 s]'. Substituting (29) in the system (28), we get the system of linear algebraic equations which can be
conveniently written in the matrix form as
AD =R
where A is a block tridiagonal matrix and their elements are again a matrix of order 5,
D =[Aqy As, Afi Aqy Asy..Agy_y A0y Afy Aqy AsyT,
R=1[R; R,..Ry]". The tridiagonal matrix is given by

[[Al] [¢,] O ]
I [4.] [C.] 0 I
lo .. . v
[o v [Byaal [Awdl [cN_I]J
0 [Bv]  [An]
where
@ 0 -d 0 0 ¢ 0 1 0 0
|d 0 0 —d O -1 0 0 -d 0 |
A,=|0 -d 0 0 -dl4=|0 -10 0 -d
lcz 0 C3 c1 0 lcﬁ 0 c; ¢ 0 J
0 k, k, 0 Kk ke k, k, 0 Kk
@ 0 -10 0 [~d 0 0 0 0
000 —-d o0 L 0 0 0 Of
B=/0 0 0 0 -dl¢,=|0 1 0 0 0
lo 0c¢ ¢ O lcs 0 00 oJ
0 0 kg 0O k| ke ks O 0 O

where j = 2,3,4,.... The tridiagonal matrix can be solved by LUD method. The other details can be found in Keller [16], Cebeci and
Bradshaw [17].
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(AVA RESULTS AND DISCUSSION

Figure 1: Velocity profiles of a Newtonian fluid for accelerated flow g = 1.
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Figure 2: Velocity profiles of a Cu — water nanofluid.

1'5—. TiO.
T0=02
1.4 A=15
1.3
RAETY A\

(a)Newtonianfluid (b)Nanofluid
Figure 3: Velocity profiles for different S.
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Figure 4: Velocity and temperature profiles for different nanofluids.
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Figure 7: Skin-friction profiles of a nanofluid for different nanoparticles.
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Figure 8: Temperature gradient profiles of a nanofluid for different r.

The present paper discusses two-dimensional boundary layer flow over a moving wedge in a nanofluid using single-phase model.
Three types of nanofluids are used to discuss the nature of heat transfer in the boundary layer. The base fluid is taken to be the water
and the different nanoparticles considered are Copper (Cu), Alumina (Al,05) and Titania (T'i0,) in various measures. We note that the
Prandtl number (Pr) is merged in the constant K, for convenience. We have employed three types of solutions: first, the results have
been obtained in the circumstances where exact solution is possible. In this case, the known exact solution for § = —1 is modified to
obtain the solution for other values of 5 # 1. Secondly, the full nonlinear fluid interaction problem is solved using the Keller-box
method. Finally, to support the exact and numerical solutions, we have performed the asymptotics in the limit of large n in which the
linearized ordinary differential equation has been solved in terms of the confluent hypergeometric functions. We note that obtained
results from all three approaches are in excellent agreement with each other. All the results for the velocity profiles f'(n), temperature
profiles 6(n), wall shear stress f''(0), temperature gradient 8'(0) are presented for various physical parameters and are given in
figures.

Figures 1 and 2 compare the results obtained by exact, numerical and asymptotic methods in terms of the velocity profiles f'(n) for
Newtonian fluid and nanofluid respectively. These profiles are plotted for Copper (Cw) nanoparticles. It is immediately clear that
results agree well to each other, and all velocity shapes approach the mainstream flow asymptotically. These are tested for different g,
A and ¢, and found no visible difference in the solution procedure.

We now study the effects of pressure gradient on the boundary layer for Newtonian and Titania (Ti0,) nanofluid, and the
corresponding results are presented in figure 3. Results are obtained from the exact solutions for various g values. Here ¢ =0
corresponds to the real fluid. We note immediately that the velocity curves are benign in nature and decay into the mainstream flows.
The velocity shapes for the nanofluid are found to have thinner boundary layer than the real fluid shapes which is clearly seen in the
figure. It is further noticed that for increasing pressure gradient, the thickness of the boundary layer for Titania (T'i0,) nanofluid is
found to be decreasing. This is due to non-zero values of nanoparticle volume fraction parameter (¢) decreases the thickness of the
boundary layer.
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The effects of different nanofluids on the boundary layer flow over a moving wedge are shown in figure 4 in terms of the velocity and
temperature profiles. We have used the full numerical Keller-box method for their simulations, since exact and asymptotic solutions
are obtained for momentum equation but not for temperature equation. We, therefore have given f'(n) and 6(n) using the
Keller-box method. Further we observe that, the boundary layer thickness is smaller for Copper (Cu) than those of Alumina (Al,05)
and Titania (Ti0,) whereas the thermal boundary layer is found opposite. Thermal conductivity of the nanofluid enhances the thermal
boundary layer. Cu — water nanofluid has more thermal conductivity when compared to Al,0; — water and TiO, — water
nanofluids.

From figure 5, it is clear that the boundary layer thickness decreases for increasing ¢ (solid volume fraction of a nanoparticle) in
which for ¢p = 0.2 the fluid particles are attached to the wedge surface. Since, the accelerated pressure gradient § = 1, it has further
a thinning effect on the flow, whereas the temperature profiles show that the heat transfer rate is more for higher values of ¢
compared to the case of real fluid. The effect of increasing values of nanoparticle volume fraction parameter (¢b) is to decrease the
velocity profile which indicates thinning of the boundary layer.

Figure 6(a) discusses the temperature profile for a real fluid as a function of the parameter r that signifies wall temperature for a fixed
value of A(=1.5)and £(=1.0). While the behavior is the same for various values of r, the higher the wall temperature the thinner is the
thermal boundary layer. Figure 6(b) discusses the temperature profile for a nanofluid (¢ = 0.2) as a function of r for a fixed value of
A and B. Again the behavior is the same for various values of r, the higher the wall temperature, the thinner is the thermal boundary
layer. But as compared to the real fluid, the thermal boundary layer is thicker in this case indicating the role of nanoparticles in
dissipating the heat in thermal boundary layer.

Figure 7 shows the dependence of skin-friction as a function of nanoparticle concentration (¢). The value of skin-friction coincides for
all the three cases for a real fluid. However, as ¢ increases the behavior changes in the case of Copper in that skin-friction reduces
with increasing ¢. However Al,0; and TiO, donot show this behavior. Figure 8 shows the temperature gradient for various values
of wall temperature parameter r. It can be seen that temperature gradient increases with increase in nanoparticle concentration
supporting the observation that thermal boundary layer is thicker in case of nanofluids.

V. CONCLUSIONS

Analyses of a two-dimensional boundary layer flow and heat transfer of a nanofluid over a wedge are studied using a single-phase
model. The governing nonlinear partial differential equations have been transformed into nonlinear ordinary differential equations
using similarity transformations. The resulting equations are solved using numerical, analytical and asymptotic methods. The velocity
and temperature profiles for various values of pressure gradient parameter £, stretching parameter A for both real and nanofluids are
shown. While the velocity profiles do not show a significant change, the temperature is affected by the presence of the nanoparticles.
The thermal boundary layer is thicker in the nanofluid showing the mixing of heat and heat transfer. The temperature gradient
increases with increasing values of ¢. Also, there is a reduction in the skin-friction in the presence of nanoparticles.

Nomenclature
u,v 'Velocity components(m/s)

X,y Cartesian coordinates(m)

T Temperature( °C)

p Pressure(Pa)

k 'Thermal conductivity(W/m. K)

u,,(x) Melocity of the wall(m/s)
u.(x) |Free stream velocity(m/s)

T, Temperature of the wall(°C)

Ty Temperature of the free stream
fluid( °C)

Cp Specific heat(J. kg=. K1)
Positive constant

T \Wall temperature parameter
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Greek Symbols

dynamic viscosity(N. s/m?)
density(kg/m3)

thermal diffusivity(m?/s)

Solid volume fraction parameter
of the nanofluid

SR |D|=

Subscripts
nf Nanofluid
f fluid fraction
s solid fraction
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