IJRASET

International Journal For Research in
Applied Science and Engineering Technology

" INTERNATIONAL JOURNAL
FOR RESEARCH

IN APPLIED SCIENCE & ENGINEERING TECHNOLOGQGY

Volume: 9 Issue: | Month of publication: January 2021

DOIl: https://doi.org/10.22214/ijraset.2021.32839

www.ijraset.com
Call: (£)08813907089 | E-mail ID: ijraset@gmail.com




International Journal for Research in Applied Science & Engineering Technology (IJRASET)
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.429
Volume 9 Issue | Jan 2021- Available at www.ijraset.com

A Generalised Neyman Type - A Distribution

Binod Kumar Sah*, A. Mishra?
'Department of Statistics, R.R.M. Campus (T.U), Janakpur, Nepal.
Depatment of Statistics, Patna University, Patna, India.

Abstract: The Neyman Type - A distribution was developed by Neyman (1939) to describe the distribution of larvae in
experimental field plots. It is widely used in describing population under the influence of contagion and bacteriology. In this
paper, a generalization of Neyman Type-A distribution has been obtained by mixing the classical Poisson distribution with the
restricted generalised Poisson distribution of Consul and Jain (1973). Probability mass function of the proposed distribution has
been derived. The first four moments about origin as well as about the mean have been obtained. Parameters of the proposed
distribution have been discussed by the method of moments. It is expected that the obtained generalized distribution can explain
the variation in the various discrete data sets, having variance greater than the mean, more closely and in a better way than the
Neyman type -A distribution.
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. INTRODUCTION

The discrete probability distributions form a basic and promising field of study in the domain of Statistics and have many important
applications in a wide variety of disciplines. It has been observed that there has been always an increasing amount of attention
towards discrete distributions. Among all the distribution, the Poisson distribution given by its probability function

p(x):el_ﬂ; x=0,1,2,...:A>0 . (1.2)

x!

is found to be very much useful in various fields and due to small value of probability of an event, it is known as the distribution for
rare events. This distribution is of so much importance that Fisher once remarked "Among all the distributions, the Poisson series is
of first importance” [Haight (1967)]. Poisson distribution is one of the most widely used discrete distributions having applications in
industry, agriculture and ecology, biology and medicine, telephony, accidents, commerce, queuing theory, sociology and
demography, traffic flow, military science and the like. The equality of the mean and variance is an important characteristic of this

distribution. The mean and variance are u/ =u, =4 . This distribution is a power series distribution with infinite non-negative

integers support. It also belongs to the exponential family of distributions.

The Neyman Type-A distribution (NAD) was developed by Neyman (1939) to describe the distribution of larvae in experimental
field plots. It is widely used in describing population under the influence of contagion and bacteriology. Pielou (1957) also have
investigated the use of NAD in ecology.

The NAD is the Poisson — stopped — summed — Poisson distribution. The probability generating function (pgf) of this distribution
has been obtained as

G (z)-= e[l{ﬂ(H)_l” T )

The distribution is the both a Poisson- stopped sum of Poisson distribution and also a Poisson mixture of Poisson distributions. The
probability mass function (pmf) of this distribution has been obtained as

g ()

P(x=x)= . i j*:x=0,1,2, (1.3)
j=0
The first four moments about origin of the NAD have been obtained as
/
Hy =g

uy =A%+ 92+ 92

uy = ¢32% 439522 +4%4 + 39212 + 3924 + g2

s =92t +60° 2% + 74422 + 92 +64°2° +184342
+603 2 + 79222 + 7922 + A

(1.4)
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The first four central moments of the NAD have been obtained as
Hy =24 (1+4)
u3:/1¢(1+3¢+¢2) (
[y = /1¢(1+ 74+ 6% + ¢3)+3/12¢2 (1+4)

Skewness and Kurtosis of this distribution can be studied by the following moments ratios.

wi (trspeo?) ﬁ_ﬂ_4_3+(“7¢+6¢2+¢3) (1.6)
ﬁl_E_ Ap(+g) S 2g(1+9)

Consul and Jain (1973) presented a new generalisation of Poisson distribution with two parameters Aand 6, given by its
probability function

AL + X0, )x—le—(k+x91)

x!
Wherex=0,1,2,...;2>0;{0, <1

In many applied problems it is known in advance that the second parameter 6, in the GPD (1.7) is linearly proportional to the

P(x)=

parameter A . Taking 6,=60x in (1.7) we get the restricted form of the GPD as

21X (l+ X0 )x—le—l(lerB)
x!

P(x)= ;1 x=012,... (1.8)
It can easily be seen that the classical Poisson distribution is a particular case of it and can be obtained by putting& = 0.
In the present paper a generalization of NAD has been obtained by mixing the classical Poisson distribution with the restricted
generalised Poisson distribution (RGPD) of Consul and Jain (1973). The various aspects of the resultant distribution such as its
moments, estimation of parameters have also been obtained. The details accounts of this distribution have been given by B.K.Sah
(2013) in Ph.D. thesis entitled’’Generalisations of countable and continuous mixtures of Poisson distribution and their
applications”’.

1. MATERIAL AND METHODS
It is based on the concept of some countable mixtures of Poisson distribution. Probability mass function of the generalised Neyman
Type-A distribution has been obtained by mixing generalised Poisson distribution with Poisson distribution (1) such that it follows
basic properties of probability distributions. The first four moments about origin of DNAD has been obtained. The parameters of the
proposed distribution have been obtained by using the first three moments about origin of the GNAD. It is expected that it is more
flexible than the NAD (1.4) due to additional parameter 8 for analyzing different types of count data.

1. GENERALISED NEYMAN TYPE- ADISTRIBUTION (GNAD)
The restricted GPD mixture of the classical Poisson distribution can symbolically be shown as

Poisson (m) 17;5 = Restricted GPD (4,60 ) (3.1)

The resultant distribution (3.1) can also be called generalized Neyman Type - A distribution (GNAD).Probability mass function of
the GNAD (3.1) can be obtained as follows.

PlxA,0]=> S—T-il(Lroj) e ")

] x!
z e (pj) lj(1+9j)j_le"‘(l+01) (32)
) =0 x! . j!
et & [lei(%w)}] j-1
iy NE
= o ie) (3.3)

j=0
The relation (3.3) is the generalised Neyman Type - A distribution. It can easily be seen that at & = 0, this distribution is reduced to
the NAD (1.4).
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V. MOMENTS OF GNAD
The r'" moment about origin of the generalised form (3.3) is obtained as

i3

= T2 xe(g)) T A1+ jo) et
-y { 3 I(¢J) } (L+ ] )_I )
= LS x! j!
Taking r=1 in (4.1), the first moment about origin of the GNAD can be obtained as follows.
© © ¢J i 1 —l(lﬂ@)
e l 1+ j6
-3 [ ‘“) (L )-| 4.2)
j=0 | x=0 )
o 2 1+ j0 I g1+ j0)
=¢{ D ( )-|
=0 I
The expression under bracket is the mean of the restricted GPD.
ie 4.3
e 9/1) #3)
Taking r = 2 in (4.1), the second moment about origin of the GNAD can be obtained as follows.
o o 2 . -¢j S\ X .
S {Z x%e XI(¢J) } Restricted GPD (A ,6 ) (4.4)
j=0 x=0 )

:i(¢2j2+¢j) RGPD (1,6 )
j=0

N

=4 _ijZRGPD(i,e)}w[ijRGF’D(iﬁ)}

| j=0 j=0
The expressions under bracket are respectively second and first moments about origin of the restricted GPD. Hence, the second
moment about origin is given by

_ 2_ A 22 oA
- _(1—9/1)3+(1-9,1)2}(1—9/1) (4.5)

Taking r = 3 in (4.1), the third moment about origin of the GNAD can be obtained as follows.

) o 3.-d] \X
x°e
ﬂézz Z# RGPD(4,0) (4.6)
j=0 | x=0 X:
=>(#°1°+3¢°° +¢i)RGPD(1,6)
j=0
The expressions under bracket are respectively third, second and first moments about origin of the restricted GPD.
s /1(1+29,51)+ 322 . A3 |37 2 . 22 4 7 4.7)
(1-02) (1-02)" (1-02) (1-02) (1-0a) | (1-02)

Similarly, taking r = 4 in (4.1), the fourth moment about origin of the GNAD can be obtained as follows.

o [ o Aa=gi (4 \X
m :Z[Z%}RGPD(L@ (4.8)
j=0| x=0 :

=i(¢“j“ +6¢°]°+7¢° |* +¢])RGPD(1,0)

j=0
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The expressions under bracket are respectively the fourth, third, second and first moment about origin of the restricted GPD
A(1+864+660%4%) 12 (74802 3
:4( ), A2(1+801) i

(1-61) (1-62)°  (1-02) i
24 }+6 s /1(1+20/1)+ 322 . 28 .
(1-02)" (1-02)° (1-02)" (1-02)’

242 A 22 L A0
(1-02)° (1-0a) | (1-02)

4.9
It can be verified that all these moments reduce to the respective moments of the NAD at@ =0
The first four moments about mean of the GNAD can be obtained as
Mo =k — (1y)?
2 2
_| A A P P
=¢ ol 7 |t -
(1-61)° (1-64) a-91) | (@-01)
=¢L ¢ 5+ ! (4.10)
1-61)° (@1-61)
The expression (4.10) is the variance of GNAD (3.3). At 6 =0, the expression (4.10) is reduced to the variance of NAD (1.3).
The third moment about the mean of GNAD can be obtained as
Mg = ps — Bupn +2(up)°
2 3 2
p /1(1+29/1)+ 31 . A _|+3g? A - A |+ 1Y)
@-61)° (@-61)* (@1-61) @-61)° (@1-61) @-01)
2 2 3
-3| ¢ ’13+ 2 = |+ e # +2 i
@-61)° (@-64) @-61) || @-61) @-601)
3 2
_ ¢A(1+2§1)+ 3¢ /13 oA (4.11)
(1-64) 1-601)° (@1-61)

It can be seen that at® = 0 , the expression (4.11) is reduced to the third central moment of the NAD (1.3).

Similarly, the fourth moment about the mean can be obtained as follows

tg =pj — Apapi+ 6u5(up)° —3(up)*

¢4A¢4

_'AL1BOA+60°2) $'A7(7+807) 64
- 1-601) 1-01)°  @1-01)° (1-6a)°

+6¢3/1(1+29/1)+18¢3/12 6p°A° 792 . 79°2° L
(1-64)° 1-61)" (1-61)° (@1-61)° (1-61) (1-64)
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_4{¢4/12(1+29/1)+ 3¢°2° . ¢'a . 3¢ A2 . 3923 .\ ¢22? }
1-64)° 1-602)° (1-61)" (1-61)" (@1-01)° (1-64)?
6623 . 60 2* . 64°A°  3¢*A°

1-01)° @1-61)" (1-6A)° @1-64)*

=¢/{ 1 7 +6¢2(1+29/1)+¢3(1+89/1+692,12)}+3¢2/12{ 1 2¢ ¢ (4.12)

1-61) (1-6A)°  (1-6A) @1-01)’ (1—9/1)2+(1—e/1)4+(1—9,1)6

The expression (4.12) is the fourth central moment of the GNAD (3.3) . At 8 =0, it is reduced to the fourth central moment of the
NAD (1.3).

V. ESTIMATION OF PARAMETERS OF GNAD
The generalised mixture distribution (3.3) consists of three parameters ¢,2and @ and so for estimating these parameters by the

method of moments, the first three moments are required. Let

s=—— = =" (5.)
1-6A
The mean and variance of the GNAD can also be written in terms of s as follows.
ul = Ags (5.2)
1y = g2 + 1S (5.3)
Dividing the equation (5.3) by (5.2) , we get
H—f = K, (say) =¢s® +1
H
e p=(K -1)s? (5.4)
The third central moment of the GNAD can also be written in terms of s as
1 =°A(1+200) S’ +A¢s (5.5)
,uz—,u1/=/l¢253 (5.6)
1~ =P°A1+200) S (5.7)
Dividing the expression (5.7) by (5.6), we get
/
BT (14202)¢s% =K, (say)
Hy =ty
-2
e po 28 (5.8)
(1+264)
Equating the expressions (5.8) and (5.4) , we get
V-2 _ Kps~?
(K ~1)s = (1+262)
or, 9@:@ e (59)
and (1-2)- 1) N R 1)
Substituting the value of (1-4) in the expression (5.1), we get
S= 2 (5.11)
3_ K3 '
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The population moments are replaced by the respective sample moments. To estimate value of s, we have to calculate the value of
K., K; and Kj. Putting the value of s in (5.4), we can estimate the value of ¢ as

(K, -1)(3-K;)

= 5.12
9 , (5.12)
Substituting the estimated value of ¢ in the expression (5.2), we can estimate the value of 4 as
/
=t (5.13)
oS
Substituting the estimated value of 4 in the expression (5.9), value of € can be obtained as follows.
K;-1
6r=M (5.14)
22

Estimation of parameters provides to test goodness of fit of the discrete data sets having variance greater than its mean.

VI. CONCLUSION
The additional parameter 6 of the GNAD (3.3) appears to play an important role in explaining the inequality between mean and

variance. From expression (4.3) and (4.5), we have y, > 4/ which is the characteristic of the negative binomial distribution. But for
non-zero values of @ the lower limit for the variance becomes different from mean. For 0 <@ <1 , the lower limit of the variance is
higher than the mean, obviously providing an improved lower limit of the variance. Similarly, for —1<6 <0 the lower limit of the
variance is lower than the mean. Thus, the parameter 6 has capacity to stretch the lower limit of the variance up and down according
to the observed distribution. Obviously for non-negative value of @ the inequality between mean and variance is explained in a

better way than that explained by the Neyman Type-A distribution. Thus the parameter O takes into account the inequality between

mean and variance more closely than that taken by NAD and so it is expected that in all such cases where variance is greater than
mean , the GNAD (3.3) would explain observed data more closely than the NAD.
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