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Abstract: In emulsion polymerization, the free radicals enter the particles intermittently from the aqueous phase. The number of 
radicals per particleis given by the Smith-Ewart recursion relation which balances the rate of radical entry into, the rate of 
radical exit from and the rate of radical termination inside the particle. Models for emulsion polymerisation are based on the 0-1 
kinetics or the pseudo-bulk kinetics. Small particles, low initiator concentrations and large number of particles favour the 0–1 
kinetics, whereas the large particles, high initiator concentrations and small number of particles will favour pseudo-bulk 
kinetics. A given polymerization system may exhibit both these kinetic behaviours, initially following the 0-1 kinetics and during 
the later stages of polymerization following the pseudo-bulk kinetics. The aim of this work is to calculate the time dependent 
values of the average number of radicals per particle in emulsion polymerization for the pseudo-bulk kinetics. 
Keywords: average number of radicals per particle; emulsion polymerization; 0-1 kinetics; pseudo-bulk kinetics; time dependent 
solutions 

I. INTRODUCTION 
In emulsion polymerization, radicals are segregated from one another i.e. they are physically separated from one another due to 
compartmentalized nature. Due to this segregation, the radicals present in the different particles cannot terminate with one another 
and the total number of growing radicals is higher than other modes of free radical polymerization and this leads to increase reaction 
rates. Also, the life time of these growing radicals, segregated from one another, is higher, giving rise to higher molecular weights.  
Emulsion polymerization kinetics can be conveniently divided into two types: the 0-1 kinetics and the pseudo-bulk kinetics. In 
pseudo-bulk kinetics approach, the need to consider bivariate particle size distribution is avoided with both the particle size and the 
number of radicals in the particles as the internal coordinates. It assumes that the particles with the same size have same number of 
radicals. The pseudo-bulk approach neglects the stochastic broadening of the particle size distribution but it can account for particles 
with more than 1 radical in them which is true for larger particles.  In pseudo –bulk kinetics all particle larger than the cross over 
diameter makes system equivalent to bulk polymerization. It does not assume compartmentalization in any given latex particle so 
more than one radical can reside in swollen latex particle.  

II. NUMBER OF RADICALS PER PARTICLE 
͞Smith and Ewart (Smith and Ewart, 1948) gave the following recursion differential equation for number of particles which contain i 
radicals in them: 
ௗே೔
ௗ௧

= ( ௜ܰିଵ − ௜ܰ)σ+  [(i + 1) ௜ܰାଵ − ݅ ௜ܰ]݇ + [(݅ + 2)(݅ + 1) ௜ܰାଶ − ݅(݅ − 1) ௜ܰ](1) ܥ 
Where i = 0. 1, 2……… 
௜ܰ =Number of particle which contain i radical 

ߪ =Average rate at which radical capture the particle 
݇ =Rate coefficient for radical desorption particles 
ܥ =Rate coefficient for radical termination 

Li and.Brooks (Li and Brooks, 1993)  have written this equation in terms of particle fraction; 
ௗ௩೔
ௗ௧

= ௜ିଵݒ) − ߪ(௜ݒ + [(݅ + ௜ାଵݒ(1 − ݇[௜ݒ݅ + [(݅ + 2)(݅ + ௜ାଶݒ(1 − ݅(݅ −  (2)  ܥ[௜ݒ(1

௜ݒ =Number-Fraction of particle containing i radical 

Solving further by summing from i=1 to i→∞ and multiplying by i,give 
ௗ௡͞
ௗ௧

= ߪ − ݇݊͞ − ∑)ܥ2 ݅ଶ݅ݒ − ݊͞)ஶ
௜ୀଵ         (3) 
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On writing the equation in terms of variance of the distribution; 
ௗ௡͞
ௗ௧

= ߪ − ݇݊͞ − ܦ)ܥ2 + ݊͞ଶ − ݊͞)        (4) 

Where D is the variance of distribution, is given by  ܦ = ∑ ݅ଶݒ௜ − ݊͞ଶஶ
௜ୀଵ  

Assuming, the radical number in the particles follow Poisson distribution whose D = ݊͞, equation (4) reduces to: 
ௗ௡͞
ௗ௧

= ߪ − ݇݊͞ − 2ܿ݊͞ଶ           (5) 

Birtwistle and Blackely (Birtwistle and Blackley, 1981) gave following time dependent equation for modelling of ͞n ; 
ௗ௡͞
ௗ௧

= ߪ − ݇݊͞ − ݂ܿ݊͞ଶ          (6) 

Here, ݂ is a coefficient which varies between zero and two and ݂ is given by = ଶ(ଶఙା௞)
ଶ஢ା୩ାେ

 . 

This expression results by simplifying the Smith and Ewart recursion equation. 
In this work our aim is to find explicit analytic solutions to the completely general non-steady state equation for the calculation of 
average number of radical per particle. The derivation is given in Appendix A and the results are tabulated in Table 1. The general 
solution of equation (6) is as follows: 

݊͞ =
ଶఙ௙ቆଵି௘ቀష

೜೟
಴ ቁቇ

(௞ା௤)ି{(௞ି௤)௘ቀష
೜೟
಴ ቁ}

         (7) 

It can also be expressed as:  

݊͞ =
ቂଶఙ௙ ୲ୟ୬୦೜೟మ಴ቃ

[௤ା௞  ୲ୟ୬୦ (௤௧/ଶ஼)] 
          (8) 

III. CONCLUSIONS 
The prediction of average number of radicals per particle is important in emulsion polymerization. Generally, the Smith-Ewart 
recursion equation is solved by assuming a pseudo-steady state for the number of radicals per particle. In this work, the time 
dependent equations for the average number of radicals per particle are solved.  

Table 1: The solution of ݊͞ as a function of time for different values of f. 
 

 

 

 
ௗ௡¯¯
ௗ௧

Equation 
 
         ݂ 

 
                ݊͞ 

݀݊͞
ݐ݀ = ߪ − ݇݊͞ − ݂ ଶ݊͞ܥ݂ =

ߪ2)2 + ݇)
2σ + k + C 

 
݊͞ =

ቂ2݂ߪ tanh ௤௧
ଶ஼
ቃ

ݍ] + ݇  tanh (ܥ2/ݐݍ)]  

ݍ =  ඥ݇ଶ +  ܥ݂ߪ4
݀݊͞
ݐ݀ = ߪ − ݇݊͞ − ݂ ଶ݊͞ܥ2 = 2 

݊͞ =
ቂ4ߪ tanh ௤௧

ଶ஼
ቃ

ݍ] + ݇  tanh (ܥ2/ݐݍ)]  

ݍ =  ඥ݇ଶ +  ܥߪ8

݀݊͞
ݐ݀ = ߪ − ݇݊͞ − ݂ ଶ݊͞ܥ = 1 

݊͞ =
ቂ2ߪ tanh ௤௧

ଶ஼
ቃ

ݍ] + ݇  tanh (ܥ2/ݐݍ)]  

ݍ =  ඥ݇ଶ +  ܥߪ4

݀݊͞
ݐ݀ = ߪ − ݇݊͞ ݂ = 0 

݊͞ =
1)ߪ] − ݁ି௞௧)]

݇  
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APPENDIX A 
A. Calculation for the explicit value of ݊͞ 
Derivation of equation (5) 

ௗ௡͞
ௗ௧

Equation -ௗ௡͞
ௗ௧

=  −݇݊ ͞ −  ଶ݊͞ܥ݂

Solution: ௗ௡͞
ఙି௞௡͞ି௙஼௡͞ଶ

=  (A.1        ݐ݀

Whereݍ = ඥ݇ଶ +  (A.2)        ܥ݂ߪ4

݀݊͞

ቂ݊͞ − ି௞ା௤
ଶ஼

ቃ ቂ݊͞ − ି௞ି௤
ଶ஼

ቃ
=  ݐ݀− 

From partial fraction 

ௗ௡͞

ቂ௡͞ିషೖశ೜మ೑಴ ቃ
+ (ି)ௗ௡͞

ቂ௡͞ିషೖష೜మ೑಴ ቃ
=  (A.3)       (ݐ݀−)(ܥ݂/ݍ)

 

On integrating (A.3) 

ln[݊͞ − ି௞ା௤
ଶ௙஼

] − ln ቂ݊͞ − ି௞ି௤
ଶ௙஼

ቃ = ି௤௧
௙஼

+ ܿ′       (A.4) 

Applying boundary condition:݊͞(0) =0, we have: 

ln ቂ݊͞ − ି௞ା௤
ଶ௙஼

ቃ − ln ቂ݊͞ − ି௞ି௤
ଶ௙஼

ቃ = ି௤௧
௙஼

+  ln ି௞ା௤
ି௞ି௤

     (A.5) 

Rearranging the equation (A.5) 

 

቎
൜೙ష͞షೖశ೜మ೑಴ ൠ

൜೙ష͞షೖష೜మ೑಴ ൠ
቏

൜షೖశ೜మ೑಴ ൠ

൜షೖష೜మ೑಴ ൠ

= ݁ି௤௧/௙஼          (A.6) 

Solving the equation (A.6) for value of ݊͞, we get  

݊͞ =
ቂି௞ା௤
ଶ஼

ቀ1− ݁ି
೜೟
಴ ቁቃ

1− [
ቈቄషೖశ೜మ಴ ቅ௘ష

೜೟
಴ ቉

షೖష೜
మ಴

]
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Substituting the values of ߪfrom equation (A.2), we have: 

݊͞ =
ଶఙ௙ቆଵି௘ቀష

೜೟
಴ ቁቇ

(௞ା௤)ି{(௞ି௤)௘ቀష
೜೟
಴ ቁ}

        (A.7) 

On further simplifying equation (A.7) and converting that equation in form of tan hyperbolic, we have: 

 

݊͞ =
ቂଶఙ௙ ୲ୟ୬୦೜೟మ಴ቃ

[௤ା௞  ୲ୟ୬୦ (௤௧/ଶ஼)] 
         (A.8) 
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