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Abstract: In this paper, we introduce Hardy and Rogers type contractions in the class of double controlled metric spaces and
establish fixed point theorem. Our result are generalization of some known results of literature. We also provide example to
illustrate significance of the established result .
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L. INTRODUCTION

The notion of a b- metric spaces was studied by Bakhtin [ 1 ], Czerwik [ 2 ] and many fixed point results were obtained for single
and multivalued mappings by Czerwik and many other auothers. ( see 3, 4, 5 6, 7, 8 ) The generalizations of b- metric spaces
Kamran et al. [ 9 ] and others ( see 10, 11, 12, 13 ) was introduced extended b- metric spaces by controlling the triangle inequality
rather than using control function in the contractive conditions. Proving extentions of Banach contraction principle from metric
spaces to b- metric spaces and hence to controlled metric type spaces. Recent article [11 ] introduced double controlled metric type
spaces and prove Banach Contraction Principle and Kannan[ 14 ] type contraction in double controlled metric type spaces which is
generalized the results of [ 12 ], [ 13 ].

In this paper we first define Hardy and Rogers type contractions [17 ] in the setting of double controlled metric type spaces and
prove fixed point results. We also provide example to illustrate significance of the established results.

1. PRELIMINARIES
Definition 2.1 [9 ] Given a functions 6 : X X X — [1, o), where X is a nonempty set. The function p : X X X — [0, ) is called
an extended b- metric if

1. p(xy)=0ifand onlyif x =Yy,

2. p(xy)=p(y,x),

3 p(xy)<oxYIp(x,2)+p(zy)], forallx,y, zeX.
Mlaiki et al. [ 11 ] generalized the notion of b — metric spaces.

Definition 2.2 [ 11 ] Given a functions a.: X X X — [1, o), where X is a nonempty set. Let function g : X x X — [0, 0 ) . Suppose
that

1. g(x,y)=0ifandonlyif x=y,

2. q(xy)=q(y x),
3 9g(xy)<aX,2)q(x,2)ta(z,¥Y)q(zy), forallx,y,zeX.
Then q is called a controlled metric type and ( X, q) is called a controlled metric type spaces.

Now , we introduce a more general b- metric space.
Definition 2.3[12] Given non-comparable functions a, p: X x X — [1, ). The functiond : X x X — [0, « ) satisfies

1. d(x,y)=0ifandonlyif x=y,

2. d(xy)=d(y x),
3. d(xy)<a(x,2)d(x,2)+B(@z,y) d(zy)],forallx,y,zeX.

Then d is called a double controlled metric type by a and B.
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Remark 2.1 A controlled metric type is also a double controlled metric type when taking the same function. The converse is not
true in general.

Example 2.1 [12] Let X={0, 1, 2 }. Consider the double controlled type metric d: X x X — [0, o) defined by
d(,0)=d(1,1)=d(2,2)=0,d(0,1)=d(1,0)=1,d(0,2)=d(2,0)=1/2,d(1,2)=d(2,1)=2/5

and a, f: Xx X — [ 1, ) defined by

@ (0,0)=a(l,1)=a(22)=0(0,2)=a(2,0)=1, a(0,1)=0a(1,0)=11/10, a (1,2)=0(2,1)=8/5.
B(0,0)=p(1,1)=B(2,2)=1, B(0,1)=PB(1,0)=11/10, B(0,2)=B(2,0)=3/2,B(1,2)=B(2, 1) =5/4.
Note that,

d(0,1)> a(0,2)d(0,2)+a(2,1) d(2,1).

Thus d is not a controlled metric type for the function a.

Definition 2.4 [ 12] Let ( X, d) be a double controlled metric type spaces by one or two functions

1. The sequence { x, } is convergent to some x ¢ X, if for each positive ¢, there is some integer N such that d (X, , x ) <¢ for
each n>N. It is also written as  lim,_, X, = X.

2. Thesequence { x, } is said Cauchy if for every € > 0, d (Xn, Xm ) <€ for all m, n> N, where N is some integer .

3. (X, d)issaid complete if every Cauchy sequence is convergent.

Definition 2.5[12] ] Let ( X, d) be a double controlled metric type spaces by either one function or two functions for x € X and k
>0.

1. Wedefine B (x, k) as
Bx, k)={yeX,dXxy)<k.}
2. Theself map T on X is said to be continuous at x in X if for all  § > 0, there exists k > 0 such that
T(B(Xk))CB(Tx,9).
Note that if T is continuous at x in ( X, d ), then x, — x implies that Tx, — Tx , when n —o0 .

1. MAIN RESULT
Result on Hardy and Rogers type contractions.

Theorem 3.1 Let ( X ,d) be a complete double controlled metric type spaces with o,p : XX X— [1,0). If T : X —X satisfies the
inequality

d (Tx, Ty ) < ad x y)+bd(x, Tx)+ cdi(y, Ty ) + e d xTy) + f dy,Tx), ...... 1
where a, b, ¢, e, f> 0 and for each xq € X,

at+b+c+ (e+N/21im n moow 0(Xn,Xm )+ (E+D/21IM [ mooo B (X, Xm) < 1,and SUpms1 B Xist, Xm ) o (Kisz, Xisz ) / o (Xi, X ) <1
/ k. Then T has a unique fixed point.

Proof — The considered sequence { X, } verifies Xn.; = TX, for all n & N. Obviously, if there exists ny & N for which Xg.; = X, ,
then Tx, = X, and the proof is finished. Thus, we suppose that X,.1 # X, for every n € N. Thus by (1), we have

d (Xn+1, Xn ) = d (TXq, TXp1)
<ad (X, Xn—l) +bd (Xn—, Xn+1 ) +cd (Xn—li Xn ) +e d (Xn, Xn) +fd (Xn—l—, Xn+1 )

=ad (Xm Xn—l) +bd (Xn—, Xn+1 ) +cd ( Xn-15 Xn ) + fd (Xn—l—i Xn+1 )
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<ad (X, Xn—l) +bd (Xn—, Xn+1 ) +cd (Xn—li Xn ) +fa (Xn-1, Xn) d (Xn—l—i Xn ) +
£B (Xn, Xnt1) d (Xn, Xn+1)
d (Xn+1, Xn ) < [a+c+ fa(Xne, Xn)] d Xn-1, Xn) « [ DT B (Xny Xnsr) 1d Xy Xpsn)- «oe - 2

Similarly,
d (X, Xn+1 ) =d ( TXpo1, TXy)
<ad (X1, Xn) +bd (Xn—l—, Xn ) +cd ( Xny Xn-1 ) +e d (Xn—1, Xn+1) +fd (Xn—, Xn )

<ad (Xp1, Xn) +bd (Xn—l—i Xn ) +cd (Xm Xn+1 ) +  ed(Xn1 Xn) d (Xn—li Xn) +ep (Xn, Xn+1) d (Xm Xn+1)
d (Xn, Xn+1 ) < Jatb+ea Xy, Xn)] dXn, Xn) + [C+ e P (Xn, Xne) 1d (Xny Xnst)- <o--ee 3

Adding (2) and (3_, We get
2d (Xn, Xn41) < [2a+b+c+ (e+)a (Xn-1, Xn)] d X1, Xn) + [D+C+ (e + 1) B (Xn, Xn+1) 1d KXn, Xns1)

[2—-b—c-(etl) B (Xn, Xns1)] d (Xn, Xn+1) < [ 22 +b +ct+(e + £)a (Xn1, Xn)] d (Xn-1, Xn)

2a +b +c+(e + f)a (xp—1.xn)]
[2-b—c— (e+)B (npxn+1)]

d (Xn, Xn+1) < d (Xn-1, Xn)

<kd (Xnty Xo) coerenn. 4

2a+b +c+(e + f)a (xp—1.xn)]
[2-b—c— (e+0B (np.xn+1)]

Where k =

at+b+c+ (e+N/21imy mow o (Xn, Xm ) + (€+)/2 1iMy oo B (Xn, Xm) <1
2a+2b+ 2c + (e+f) limy mow o (Xn, Xm ) + (€+0) lIMp mooo B Xny Xm) <2

2a+ b+ c+ (e+f) limy mow 00 (Xn, Xm ) < 2-b-C- (e+f) liMp mooo B (Xn, Xm)

2a+b +c+(e + f)a (xp—1.xn)]

<l
[2-b—c~ (e+f)B (np,xn+1)]

Implies,

Implies, k<1.
Thus, we have
d (X, Xne1 ) <K d (Xoy X1 )+ vvveennn. 5
For all n,m ¢ N (n<m), we have
d (X, Xm) <o (Xn, Xne1) d (Xn, Xne1) T B (Xnet, Xm) d (Xnet, Xm )
<o (Xn, Xnr1) A (Xny Xne1) T B (Xnets Xm) 0 (s, Xna2) A (Xnsg, Xna2 ) + P (Xnety Xm) B (Xnezs Xm) A (X2, Xm)
< o (Xn, Xn1) A (Xn, Xne) T B Xty Xm) 0 (Xnsy Xns2) d (Knets Xne2 ) + B (Xns1, Xm) B (Xns2, Xm) & (Xns2, Xne3) A (Xns2, Xnea)

+ B (Xt Xm) B (Kns2, Xm) B (Xnz, Xm) d (Xns3, Xm)

<...
< a(xn, Xn+1) d (Xn! Xn+1) +Zz n+1(H n+1ﬁ( m)) a(xl’xl+1)d(xl.'xl+1) + Hk n+1ﬁ(xkvx )d(xm 1 m) """"" 6
< 0 (0, Xo2) K" 0 (X, X2) #2052 (T B ) @ i) e 0l (0, %0) + TS 1 B Gty X DK™ 2, X1) o 7

< 0 (X0, Xovr) K" d (X0, Xe) +2758 ([T B(xj, X)) iy, Xi41) Kl (X0, X0).

Let Si= Xl o(ITio Bt X)) a(x; Xipq) k' d (X0, X2)owonvvev 8
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Consider
Vi=TITEso B, X Yar(x xi41) K d (X0, X0). oo 9
We have
Viea /' Vi = B Xisgs Xm) 0 (Kiets Xiv2) K 7/ 00 (Xjy Xist) « cennnenen 10

In view of condition (2) and the ratio test, we ensure that the series Y v; converges. Thus, lim,_ S, exists. Hence, the real
sequence{ S} is Cauchy.

Now, using (6), we get
d (X, Xm) < d (X0, X1) [ K" & (Xn, Xn1) + (Sma-Sn) ] -ev-e 11
Above, we used a(x, y) > 1. Letting n, m —co in (11) we obtain
Limy mowd Xnyy Xm )= 0. eeennene 12

Thus, the sequence { x,} is Cauchy in the complete double controlled metric space ( X, d ). So, there is some X" & X, so that

Lim . m e d(Xn, X )= 0. ...... 13
that is , X,— X as n—ao. Now, we will prove that x" is a fixed point of T. By (1) we get
dTX) <ax, Xpen) d O X)) + B s, TX) d (Xoer, T X))

= (X', Xp1) d (O, Xnsa) + B (002, T X) d (T, TX)

<a(x, Xn1) d (X, Xos1) + B Ensr, TX)[ad Xy X) + b d Xy Xnsr ) +Cd (K, TX ) +ed (X, TX )+ fd (X, Tx )]

Taking the limit as n—oo and using (13), and the fact that lim,_, a (xn, X ) and lim,_, B (%, X, ) exist are finite , we obtain that
dTX) < [(cre+HIm o P (X X)X TX) ] ... 14

Suppose that X” #Tx “having in mind that (¢ +e + ) limy_.. p (X1, TX ) < 1.

S0,0< d(X,TX) < [(c+e+f)lim.B (X, TX)]dX,TX )<d X, TX).

It is contradiction. This yields that x = T x".

Let X" in X beesuchthat Tx™ = x™ and x# x". We have

0<d (X, x7) = d(Tx, Tx7)
<ad &, x)+bd (X, Tx) + cd((xX"Tx)+e d, TxX)+fd(x",TxX)
<(a+e+f)d(,x).

It is a contradiction, so  x = X . Hence X is the unique fixed point of T.

Remark 3.1 The assumption (1) in Theorem 1 above can be replace by assumption that the mapping T and the double controlled
metric d are continuous. Indeed, when x ,— x, Tx,— T X and hence we have
Lim poo d (TXn, TX ) = 1M pose d ( TXpee, TX) = d (X', T X" )and hence

*

X = x.

Theorem 3.1 is illustrated by the following example
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Example 3.1 We endow X = {0, 1, 2 } by the following double controlled metric type space
d: X x X — [0, ) defined by
d(@0,0)=d(1,1)=d(2,2)=0,d(0,1)=d(1,0)=1,d(0,2)= d(2,0)=2/5d(1,2)=d(2,1)=6/25
and o, f: X X X — [ 1, o) defined by
a(0,0)=0(l,1)=02,2)=1,0(0,2)=0a(2,0)=151/100, a(0,1)= a(l,0)=06/5,
a(l,2)=a(2,1)=28/5.
BO,0)=p1,1)=p(2,2)=1,4(0,1)=p(1,0)=6/5((0,2)=p(2,0)=8/5,
B(1,2)=p(2,1)=33/20.
Then d is double controlled metric type space but d is not a controlled metric type space for the function a.
Indeed,
d(0,1)=1>247/250 = o(0,2)d(0,2)+a(2,1) d(2,1).
Choose function T : X— X such that
TO =2and T1=T2=1, set
a=23/25 b = 2/25, ¢=1/25, e=4/25 and f=>5/25.
It is clear that condition (1) is satisfied. In addition (2)and (3) holds for each x, in X. All hypothesis of theorem (3.1) are fulfilled.
Here X" = 1 is the unique fixed point.

Theorem 3.2 Let ( X, d) be a double controlled metric type spaces with o, B: X x X— [1,00). If T: X —-X satisfies the
inequality

d(Tx, Ty) <ad(x,y)+bd(x, Tx)+ cd(y, Ty)+e[d(x,Ty) + d(y,Tx)], ...... 14

where a, b, ¢, e, >0 and for each xg € X,

atb+c+elim,_,o(xny,Xy)+elim, B (x, Xn) <1,and

SUPm>1 B (Xirr, Xm ) o (Xivg, Xie2 ) / a0 (Xi, Xinr ) < UKk.

Then T has a unique fixed point.

Remark 3.2

1. Incaseb=c=e=f=0, we get aresult due to Theorem 1 of [12 ].

2. Incasea=0,b=c,e=1f=0, we get aresult due to Theorem 3 of [12 ].

3. Incase a (x,y) =B (X, y), d =e =0, we get a result due to Theorem 8 of [ 13].

4. Incase o (x,y) =B (X,y), b=c=d=e= 0, we get aresult due to Theorem 1 of [11].

5 Incasea(x,y) =B (X,y),a=0,b=c,d=e=0, we getaresult due to Theorem 2 of [11].
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