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Abstract: In this paper, the author has formulated the solutions of the standard bi-quadratic congruence of an even composite
modulus modulo a positive integer multiple to nth power of four. First time a formula is established for the solutions. No
literature is available for the current congruence. The author analysed the formulation of solutions in two different cases. In the
first case of analysis, the congruence has the formulation which gives exactly eight incongruence solutions while in the second
case of the analysis, the congruence has a different formulation of solutions and gives thirty-two incongruent solutions. A very
simple and easy formulation to find all the solutions is presented here. Formulation is the merit of the paper.
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l. INTRODUCTION

Congruence of the type: x* = b (mod m), m being a positive integer, is called a standard bi-quadratic congruence of prime
modulus, if m is a positive odd prime integer; it is called a congruence of composite modulus, if m is a composite positive integer.
1) Solvable Congruence: If a congruence has a solution, then it is called solvable.
2) Residue of an Integer: If a positive integer b is divided by a non-zero positive integer m, then the possible remainders are called
the residue of m.

3) Bi-quadratic Residue: A bi-quadratic residue is defined as: if r is a residue of m, then r# is called a bi-quadratic residue of m.

If the congruence is solvable, then b = a* (mod m),a being the residue of m and the congruence then can be written as:
x* = a* (mod m). In this case, b is called bi-quadratic residue of m.

1. PROBLEM-STATEMENT
Here the problem of the study is-
“To formulate the solutions of the congruence:
x* = a* (mod b.4™), b being a positive integer,b % 0 (mod 4) in two

dif ferent cases".

1. LITERATURE REVIEW
Making a review through the books of Number theory [1], [2], [3] and other related literatures, the problem is found yet
unformulated. Actually, a very little literature is found about the standard bi-quadratic congruence of prime and composite modulus.
The author already has formulated many standard bi-quadratic congruence of composite and prime modulus [4], [5], [6], [7]. [8].
[9]. But the current problem was remained unnoticed. Now the author considered it for the formulation of its solutions and his
efforts are presented here.

V. ANALYSIS & RESULTS
Consider the congruence of the problem of the paper: x* = a* (mod b. 4?);
b # 0 (mod 4).
1) Case-l: Let a be an odd positive integer.
For the solutions, consider x = b.4™ 'k =+ a (mod b. 4").
Then using binomial expansion,
x* = (b.4" 1k £ a)* (mod b.4™)
= (b.4" 1k )* + 4.(b. 4" k). a + g (b.4"1k)2. a2 i%.b.ﬂ‘lk. a® + a* (mod b. 4™)
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= b*. 4%kt £ 4. p3. 437733, a+ b242" 2g2q? + b4" k.a3 + a* (mod b.4™)
= b.4nk (b3 43 k3  p242 2k2.a +5.b4n k.a®+a }+ a* (modb. 4"
= 0+ a* (mod b.4")
= a*(mod b.4").

S0, x = b.4" Yk + a (mod b. 4™) satisfies the bi-quadratic congruence and can be considered as the solutions formula for different
values of k.
But fork = 4, the solutions formula reduces to the form:
x = b.4" 1.4+ a (mod b. 4").

= b.4" + a (mod b.4™)

=0=xa (mod b.4").
This is the same solutions as for k = 0.
Also for k =5 = 4 + 1, the solutions formula reduces to the form:
X =b.4" 1 (4+ 1)+ a(mod b.4").

= b.4" + b4™ 1 x a (mod b.4™)

=0+b.4" 1+ q (mmod b.4").
= b.4" 1 +q (mod b.4").

This is the same solutions as for k = 1.
Therefore, x = b.4" 1k + a (mod b. 4™) gives all the solutions of the said congruence when a is an odd positive integer with k=0,
1,2, 3.
This gives exactly eight incongruent solutions of the congruence.

2) Case-ll: Let a be an even positive integer.
For the solutions, consider x = b.4™" %k + a (mod b.4").
Then using binomial expansion,
= (b.4" 2k + a)* (mod b.4™)
=(b.4" 2k )* +4.(b. 4" 2k)3.a + (b 4n=2k)2. q 32'2 b.4"2k.a3 + a* (mod b. 4")
= b*. 4% 8kt + 4, p3.4376k3, a+ b242" 1k2q? +3 2 b4"2k. a3 + q* (mod b.4™)
= b.4nk (b3 43k & p242n 2k2.a +2 b4k a? £ a*} + a* (mod b.4™).
= b. 4"k {4t} + a* (mod b.4"),if b is even positive integer.
= 0+ a* (mod b.4")
= a*(mod b.4").
S0, x = b.4" %k + a (mod b. 4™) satisfies the bi-quadratic congruence and can be considered as the solutions formula for different
values of k.
But fork = 16 = 42, the solutions formula reduces to the form:
x = b.4"2,4%2 + a (mod b.4").
= b.4" + a (mod b.4")
=0=xa (mod b.4").
This is the same solutions as for k = 0.
Also for k = 17 = 42 + 1, the solutions formula reduces to the form:
X = b.4"2 (42 + 1) = a (mod b.4™).
= b.4" + b4 2 x a (mod b.4™)
=0+ b.4" 2+ qa (mod b.4").
= b.4" 2 +q (mod b.4").
This is the same solutions as for k = 1.
Therefore, x = b.4" 2k + a (mod b. 4™) gives all the solutions of the said congruence when a is an odd positive integer with k=0,
1,2,3, i , 15.
This gives exactly thirty-two incongruent solutions of the congruence.
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V. ILLUSTRATIONS
1) Example-1: Consider the congruence x* = 81 (mod 512).

It can be written as x* = 3* (imod 2.4%).
It is of the type x* = a* (mod b.4™),with b = 2,n = 4,a = 3, a positive integer.
It has exactly 8 incongruent solutions given by
X =b.4" 'k +a (mod b.4")withk =0,1,2,3.
= 243k = 3 (mod 2.4%)
= 128k + 3 (mod 512)
=0+ 3;128 + 3;256 + 3; 384 + 3 (mod 512)

= 3,509; 125, 131, 253, 259; 381, 387 (mod 512).

2) Example-2: Consider the congruence x* = 1296 (mod 1536).
It can be written as x* = 6* (inod 6.4%).

It is of the type x* = a* (mod b.4™),with b = 6,n = 4,a = 6, a positive integer.
It has exactly 32 incongruent solutions given by
X =b.4" 2k +a (mod b.4")withk=0,12,3,........4> — 1.
= 6.4%k + 6 (mod 6.4*) withk =0,1,2,3,...........,15.
= 96k + 6 (mod 1536)
=0%x6;96%6;192+6;288 +6;384 +6;480 £6;576 £6;672 + 6,
768 = 6,864 = 6;960 £ 6;1056 + 6; 1152 + 6; 1248 + 6; 1344 £+ 6;
1440 + 6 (mod 1536)
= 6,1530; 90,102; 186,198; 282,294; 378,390; ... ... e ot ot et et e e
1338,1350; 1434,1446 (mod 1536).

3) Example-3: Consider the congruence x* = 625 (mod 1792).
It can be written as x* = 5* (imod 7.4%).

It is of the type x* = p* (mod p.4™) witha =p =5,n =4,

It has exactly 2.4 = 8 incongruent solutions given by

X =p. 4"k £p (mod p.4") withk =0,1,2,3.
= 5.43k £ 5 (mod 5.4*)
= 5.64k + 5 (mod 1280)
= 320k + 5 (mod 1280)
=0+£5;320£5;640 + 5;960 = 5 (mod 1280)

= 5,1275; 315, 325; 635, 645; 955, 965 (mod 1280).
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4) Example-4: Consider the congruence x* = 609 (mod 1792).
It can be written as x* = 609 + 1792 = 2401 = 7* (inod 7.4%).

It is of the type x* = p* (mod p.4") witha=p =7,n =4,
It has exactly 2.4 = 8 incongruent solutions given by
X =p. 4"k £p (mod p.4") withk =0,1,2,3.
=7.43k £ 7 (mod 7.4*%)
= 7.64k + 7 (mod 1792)
= 448k = 7 (mod 1792)
=0+£7,448+7;896 + 7;1344 =7 (mod 1792)

= 7,1785;441,455; 889,903; 1337, 1351 (mod 1792).

VI. CONCLUSION
Therefore it is concluded that the standard bi-quadratic congruence: x* = a* (mod b.4™), b a positive integer, has exactly eight
solutions: x = b.4" 1k + a (mod b. 4™) with
k=0,12,3, if a is an odd positive integer but the congruence has exactly thirty-two incongruent solutions: x = b. 4" 2k +
a (mod b.4")withk =0,1,2,3,........(32 - 1),
if aisan even positive integer.

VII. MERIT OF THE PAPER
Due to the discovery of the formulation, it became possible to find the solutions easily. The solutions can also be obtained orally.
This is the merit of the paper.
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