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Abstract: The paper presented here, is a standard quadratic congruence of composite modulus, studied rigorously and found the
formulation incomplete. It was partially formulated by the earlier mathematicians. The present authors realised that the earlier
formulation need a completion and a reformulation of the solutions is done along with two more results. The author considered
the problem for reformulation, studied and reformulated the solutions completely. A partial formulation is found in a books of
Number Theory by Zuckerman at el. There the formulation is only for an odd positive integer but nothing is said about even
positive integer. The authors have provided a complete formulation of the said quadratic congruence and presented here.
Keywords: Composite Modulus, Quadratic Congruence, Reformulation.

L. INTRODUCTION
In the book of Number Theory [1], it is found that the congruence under consideration had not been fully discussed and formulated.
This is the said congruence: x2 = a (mod 2™);

n = 3. It is formulated by earlier mathematicians but not fully discussed. Hence, the said congruence is considered for a complete
formulation.

1. REVIEW OF BACKGROUND LITERATURE
The congruencee of even composite modulus under consideration is found formulated for odd integer only.
No discussion is found for even positive integer. The author wished to formulate the problem completely.
The congruence x? = a (mod 2"); n = 3,a = 1 (mod 8)is found formulated.
Such congruence have exactly four solutions.
If x = x, is a solution, then the other three solutions are: x = 2™ — x,; 2" + x, [1].
But how to find x,, is not mentioned and this creates the difficulties in finding the solutions.
Here the author’s formulation needs no previously known x,,.
The author’s formulation on the similar types of congruence are: [3], [4], [5], [6], [7], [8], [9], [10], [11].

A. Problem-Statement
The problem of study is stated here in the form of theorems:

n-1
1) Theorem-1: The solutions of the congruence: x? = 2"t (mod 2"); m,n positive integer has exactly solutions: x = 272 k +

n-1 n+i
22 (mod2");k=0,1,23,......,27z .
n—-1
2) Theorem-2: The solutions of the congruence: x2 = 2"~2 (mod 2™); m,n positive integer has exactly solutions: x =27z k +
n-3 n+1
22 (mod2");k=0,1,2,3,.....,22 .

3) Theorem-3: The solutions of the standard quadratic congruence: x2 = a (mod 2™) has exactly four incongruent solutions given
by x = 2"k + b (mod 2"),if b is an odd positive integer; a = 1 (mod 8) & k=0, 1.

4) Theorem-4: The solutions of the standard quadratic congruence: x? = a (mod 2™) has exactly eight incongruent solutions
given by x = 2" 2k = b (mod 2™),if b is an even positive integer; a is a perfect square, a = b2 & k=0, 1, 2, 3.
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1. ANALYSIS & RESULTS
1) Proof of theorem-1: Consider the congruence:
x2 = 2™1 (mod 2™); n an odd positive integer.

For its solutions let x = ZnT_lk + ZnT_1 (mod 2™).
Then x? = (ZHT_lk + 27 )2 (mod 2™
= ( ZHT_lk)Z 422 T k2T + ( 2"7_1)2 (mod 2™)
= 2" 1k% + 2"k + 2" (od 2")
= 2" 1k? + 2" 1(mod 2™); k being an integer.
Therefore, x = ZnT_lk + ZnT_1 (mod 2™) gives solutions of the congruence.
But for k = ZnTH, the formula reduces to
X = ZnT_l. ZnTH + ZnT_l (mod 2™)
=2"+ ZnT_l (mod 2™)
=0+ ZnT_l (mod 2™)

n-—1
=272 (mod2")
This is the same solution as for k = 0.
n-—1
Also, for k = 272 + 1, the formula reduces to
n-—1 n+1 n-—1
x=2z .(2z +1)+272 (mod2")
n-—1 n-—1
=2"+2z +2 2 (mod2")
n-—1 n-—1
=22z +22 (mod?2")
This is the same solution as for k = 1.
Therefore it is concluded that the solutions formula becomes

n-1 n-1 nti
x=2z k+22z (mod2"):k =o,1,2,........,(2 2 —1).
It gives all the solutions.

2) Proof of Theorem-2: Consider the congruence:

x2 = 2"2 (mod 2™); n an odd positive integer.
n—1 n-3

For its solutions let x = 272 k+ 272 (mod 2").

n-1 n=3 2
Then x> = (22 k+22 ) (mod2")
2

n-1 2 n-1 - n-3 n-3

=(27k) +227 k22 +(27) (mod2")

=27 1k2 + 271k + 2" 3(mod 27)

= 2" 1k (k + 1) + 2" 3(mod 2™); k being an integer.

= 2"t + 2" 3(mod 2M)

= 2" 3(mod 2").

n-1 n-3
Therefore, x =272 k+ 27z (mod 2™) gives solutions of the congruence.
n+1

But for k = 27z, the formula reduces to

n-—1 n+1

x=22 .2z + ZnT_s (mod 2™)
=2"+ ZnT_s (mod 2™)
=0+ ZnT_s (mod 2™)
= ZnT_s (mod 2™)
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This is the same solution as for k = 0.
n+1
Also, for k = 272 + 1, the formula reduces to
n-—1

n+1 n-3
x=2z .(2z +1)+272 (mod2")
n-—1 n-3
=2"+2z +2 2 (mod2")
n-—1 n-3

=22z +22 (mod?2")
This is the same solution as for k = 1.
Therefore it is concluded that the solutions formula becomes

L nt1
X=2z2k+22 (mod2”);k=O,1,2,........,(2 2 —1).
It gives all the solutions.

3) Proof of Theorem-3:
Let us consider that a = 1 (mod 8); i.e. a is an odd positive integer.
Here the congruence under study is: x2 = a (mod 2™) with a = 1 (mod 8).
If a is an odd perfect square, then a = b2.
The congruence reduces to: x? = b? (mod 2™).
If not, then the congruence can be written as: x2 = a + k.2" = b2 (mod 2") [2].
For odd positive integer b,
Letx = 2"k + b (mod 2™),k =0,1,2,3, ... cc. e .. ..
Thenx? = (2" 1k x b) 2
(2" 1k)2 +2.2" k. b + b?
2"k{2" 2k + b} + b?; as b is odd positive integer.
= b? (;mod 2M).
Thus, x = 2" 1k = b (mod 2™) satisfies the quadratic congruence and it is a solution of it.
But, for k =2, x = 2""1.2+ b (mod 2"),
= 2"k + b (mod 2™)
0 = b (mod 2™)
+b (mod 2™), which is the same solution as for k=0.
But,fork =3=2+1, x=2"1.(2+ 1)+ b (mod 2"),
= 2"k + 2"t + b (mod 2™)
=0+ 2"t xp (mod 2™)
= 2"1 + p (mod 2"), which is the same solution as for k=1.
Thus, it can be said that the congruence under consideration has exactly four solutions:
x=2"1k b (mod2"),k =0,1, ifa =1 (mmod 8), as for a single value of k, it has two solutions.

4) Proof of Theorem -4:
Let a be an even perfect square.
Then, a = b?, b even positive integer.
For the solutions, consider x = 2" 2k + b (mod 2™)
Then, x? = (2" 2k £ b) 2

= (2"%k)2 +2.2" 2k. b + b?

= 20 1{2" 3k + b} + b?
2" 1 {2"3k + 2t} + b? as b is even positive integer.
2 {2k + t} + b?
b? (mod 2™).
Thus, x = 2" 2k = b (mod 2™) satisfies the quadratic congruence and it is a solution of it.
But, for k =4 =22, x = 2"2,22 + b (mod 2"),

= 2"k = b (mod 2™)
=0%£b (mod 2™)
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= b (mod 2™), which is the same solution as for k=0.
But, fork =5=2%2+1, x =2"2, (22 +1) £ b (mod 2"),
= 2"k + 22 + b (mod 2™)
=0+ 2"2xp (mod 2™)
= 2"2 + p (mod 2"), which is the same solution as for k=1.
Thus, it can be said that the congruence under consideration has exactly eight solutions:
x = 2" 2k b (mod 2"),k = 0,1, 2,3; as for a single value of k, it has two solutions.

V. ILLUSTRATIONS
1) Example-1: Consider the congruence x? = 16 (mod 32).
It can be written as: x? = 2* (mod 25).
It is of the type: x2 = 2"t (mod 2") withn = 5, an odd positive integer.
Its solutions are given by

n-1 n-1 n+1
x=27zk+2z (mod2");k=0,1,2,........,(22 —1).
= 22k + 22(mod 2°);k=0,1,2, ..., 7.
=4k + 4 (mod 32)

=4,8,12,16,20,24,28,32.
These are the eight solutions of the congruence.

2) Example-2: Consider the congruence x? = 64 (mod 128).
It can be written as: x2 = 2° (mod 27).
It is of the type: x2 = 2"t (mod 2") withn = 7, an odd positive integer.

Its solutions are given by
n+1

x= Znle + ZnTl (mod2™);k=0,1,2,.........., (272 —1).
=23k +23(mod 27);k=0,1,2,....,15.
= 8k + 8 (mod 128)
= 8,16,24,32,40, ... .............,128.
These are the sixteen solutions of the congruence.

3) Example-3: Consider the congruence x? = 16 (mod 128).
It can be written as: x2 = 2% (mod 27).
It is of the type: x2 = 23 (mod 2") withn = 7, an odd positive integer.

Its solutions are given by
n+1

x= Znle + 2n73 (mod2™);k=0,1,2,.........., (272 —1).
=23k +2%(mod 27);k=0,1,2,.....,15.
= 8k + 4 (mod 128)
= 4,12,20,28,36, ... ...... ... ..., 124.
These are the sixteen solutions of the congruence.

4) Example-4: Consider the congruence x2 = 64 (mod 512).
It can be written as: x2 = 2° (mod 2°).
It is of the type: x2 = 23 (mod 2") withn = 9, an odd positive integer.

Its solutions are given by
n+1

x= Znle + 2n73 (mod2™);k=0,1,2,.........., (272 —1).
= 2%k +23(mod 2°);k=10,1,2,.....,31.
= 16k + 8 (mod 152)
= 4,12,20,28,36, ... ...... ... ..., 504.
These are the thirty-two solutions of the congruence.
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5) Example-5: Consider the congruence x? = 25 (mod 2°). As 25 = 1 (mod 8), it is solvable.
It can be written as x? = 25 = 5%(mod 2°).
It is of the type x2 = b?(mod 2™) with b = 5, odd positive integer,n = 5.
It has exactly four solutions x = 2" 1k + b (mod 2™),k =0, 1.
= 257k = 5 (mod 2°)
= 16k =5 (mod 32)
= 0+5;16 + 5 (mod 32)
= 5,27:11,21 (mod 32)

6) Example-6: Consider the congruence: x2 = 17(mod 2°).
It is of the type: x2? = a (mod 2™).
As 17 is odd positive integer and 17= 1 (mod 8), it is solvable.
It can be written as x? = 17 + 64 = 18 = 9%(mod 2°)
It is of the type x2 = b?(mod 2™) with b = 9, odd positive integer,n = 6.
It has exactly four solutions: x = 2" 'k = b (imod 2™),k = 0, 1.
= 2671k £ 9 (mod 2°)
= 32k =9 (mod 64)
= 0+ 9;32+ 9 (mod 64)
= 9,55; 23,41 (mod 64)

7) Example-7: Consider the congruence x? = 19 (mod 2°). Asa = 19 # 1 (mmod 8), the congruence is not solvable.
8) Example-8: Consider the congruence: x? = 36(mod 2°).
It can be written as x? = 62(mod 2°)
It is of the type x2 = b?(mod 2™) with b = 6, even positive integer,n = 6.
As 36 is even perfect square positive integer, it is solvable.
It has exactly eight incongruent solutions: x = 2" 2k + b (mod 2"),k = 0,1,2,3.
= 272k + 6 (mod 2°)
= 16k *+ 6 (mod 64)
=0+%6;16+6;32+6;48 =6 (1nod 64)
= 6,58; 10, 22; 28, 38; 42,54 (mod 64)

9) Example-9: Consider the congruence x? = 10 (mmod 2°).
As a = 10, not an even perfect square, the congruence is not solvable.

10) Example-10: Consider the congruence: x? = 0 (mod 256).

It can be written as: x2 = 0 (mod 28).

It is of the type: x2 = 0 (mod 2™) withn = 8, an even positive integer.
Its solutions are given by:

x=2k(mod2"): k=1,23,......2%
= 2%k (mod 28) k = 1,2,3, ..., 2%
= 16k (mod 256):k = 1,2,3, ... ..., 16.

= 16, 32,48,64,80,96,112,128,144,160,176,192, 208, 224,240,256 (mod 256).
These are the sixteen incongruent solutions of the congruence.

V. CONCLUSION

The congruence: x? = 2" (mod 2™),n always an odd positive integer has exactly
n+1 n+1

n—1 n—1
272 solutionsgivenbyx =22 k+22 (mod2™);k=0,1,2,.........(22z —1).

The congruence: x? = 2"3 (mod 2™),n always an odd positive integer has exactly
n+1 nt+l

n—1 n-3
272 solutionsgivenbyx =22 k+22 (mod2™);k=0,1,2,.........(22z —1).
The congruence x? = b2 (mod 2™) has exactly four solutions:
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x = 2" 1k + b (mod 2"),k = 0,1, when a = 1 (mod 8)

i.e.

a is an odd positive integer.

The congruence x? = b2 (mod 2™) has exactly eight solutions:

X =

[t

[2]
(3]

[4]
[5]
[6]
[’
(8]
[9]
[10]

[11]

2"2k + b (mod 2"),k = 0,1,2,3 when a is an even perfect square.
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