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I. INTRODUCTION
In 1965, Zadeh [10] introduced the concept of fuzzy subset p of a set X as a function from X into the closed unit interval 0 and 1
and studied their properties. Fuzzy set theory is a useful tool to describe situations in which the data or imprecise or vague and it is
applied to logic , set theory, group theory, ring theory, real analysis, measure theory etc. In 1967, Rosenfeld [9] defined the idea of
fuzzy subgroups and gave some of its properties. In 1988, Professor Li Hong Xing [6] proposed the concept of HX ring and derived
some of its properties, then Professor Zhong [1,2] gave the structures of HX ring on a class of ring. In this paper we define a new
algebraic structure of a fuzzy HX subring of a HX ring and investigate some related properties.

Il. PRELININARIES
In this section, we site the fundamental definitions that will be used in the sequel. Throughout this paper, R = (R ,+, -) is a Ring, e
is the additive identity element of R and xy, we mean x.y.

I1l. PROPERTIES OF FUZZY HX RING
In this section we define the concept of fuzzy HX ring and discuss some related results.

A. Definition
Let R be a ring. Let p be a fuzzy set defined on R . Let R < 2% — {¢} be a HX ring. A fuzzy subset A* of R is called a fuzzy HX
ring on ‘R or a fuzzy ring induced by p if the following conditions are satisfied. For all A, B €R,
i. A (A-B) = min { A" (A), A" (B) },
ii. A" (AB) = min { A" (A), A" (B) },
where A" (A)=max { p(x) / forallxeAc R }.

B. Remark
For a fuzzy HX subring A* of a HX ring R , the following result is obvious.

i A" (A) <A (0)and A (A) = A" (-A), for all Ae R.
ii. \* (A-B)=0implies that A" (A) =A" (B).

C. Example
Let C° = C — {0}, where C is the set of all complex numbers.

Inb)
For all a, b e C°, define the operators @ and @ on Clasa@b=abanda®b= |a| i .
Clearly, (C°, @ , ®)isaring.
Define, a fuzzy set pon C° as,

0.8 if a>0andb=0
p(x)=p@+ib) = 0.6 if a<0andb=0
0.4 if b+0

where, a is the real part of x lies in X-axis and b is the imaginary part of x lies in the Y-axis.
Then, Clearly p (x@y)=p(x®(-y))zmin{u(x),u(y)}
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p(x®@y)zmin{p(x), n(y)k
Clearly, p is a fuzzy subring on C°.
Let I=(1,0)andH={1,-1,i,-i}
DefineR={a®l/aeH}.For,
leH = 1®1 =1.(1,0) = (1,o)
-leH =-1®1 =-1.(1,©) = (-o,-1)
ieH = i®l = i-(1,0)=(i,»)
-ieH =-i®1 =-i-(1,0) = (-0, -i).
Now, R={a@Il/aeH}={1,®), (-0,-1),(i,©), (o, -i)}={0Q, A, B, C}.
For any X, Y e R, define the operations © and ® on ‘R as,
X®Y=XY={xy/xe Xandye Y}
X@Y=|X|"YI =f|x"Y/xe Xandy e Y }

Then,
® 1o A B |cC ® | |A |B |C
Q |[Q |A |B |C Q |Q |Q |Q |Q
A |A|Q |Cc |B A |Q |Q |Q [Q
B |[B |[C |A |Q B [Q|Q |[Q |0
C C B Q A C Q|0 Q Q

Clearly, (R, ®,®)isaHXringon (Py(C°’), @, ®).

Define a fuzzy set A*: R — [0, 1] as,
A(Q)=Sup{n(x)/xeQ}=08
M(A)=Sup{p(X)/xeA}=0.6
A(B)=Sup{u(X)/xeB}=04
AM(C)=Sup{u(X)/xeC}=04

Now, -Q=A;-A=Q;-B=C;-C=B.

QOQ=Q®A=A
QOA=Q®Q=Q
QO®B=Q®C=C
QOC=Q®B=B

AGQ=A®A=Q
AOA=A®Q=A
A®B=A®C=B
A®C=A®B=C

BOQ=B®A=C
BOA=B®Q=B
BOB=B®C=0Q
BOC=B®B=A

COQ=C®A=B
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COA=C®Q=C
ceB=Co®C=A
cec=CceB=Q

For any X, Y e R, we have,
MXOY)=A(X® (Y ) 2min {A"(X),A"(Y)},
AMX®Y)zmin {A"(X),A(Y)}

Clearly, A"is a fuzzy HX ring on R.

D. Theorem
If p is a fuzzy subring of a ring R then the fuzzy subset A" is a fuzzy HX subring of a HX ring ‘R.

Proof
Let p be a fuzzy subring of R.
i. min{A* (A), A" (B)} min {max {(x) /for all xe A ¢ R},
max {(y)/ for all yeB < R}}
min { {(xo) , W(yo)}
W(xo— Yo), since W is a fuzzy subring of R
max {u(x-y) /for all x-y eA-B c R}
A (A-B)
min {A" (A), A" ( B)}
min{ max{p(x) /for all xe Ac R},
max{ w(y) / for all yeB c R}}
min { 1(xo) , W(yo) }
(%o Yo), since W is a fuzzy subring of R
max{l(xy) / forallxy eABc R}
A" (AB)
min{ A" (A), A" (B) }.

A" (A-B)
ii. min{A* (A), A* ( B)}

[T AV VAN VAN VAN ||

voOIAIAIA 1

A" (AB)
Hence, A" is a fuzzy HX subring of a HX ring R.

E. Remark

1) If pisnot a fuzzy subring of R then the fuzzy set A" of R is a fuzzy HX subring of R , provided |[X| > 2 for all XeR.
2) If pis a fuzzy subset of a ring R and A* be a fuzzy HX subring of R, such that A* (A) = max{u(x) / for all x e Ac R }, then p
may or may not be a fuzzy subring of R, which can be illustrated by the following example.

F. Example
Let C°=C-{0}, where C is the set of all complex numbers.

For all a, b e C°, define the operators @ and ® on C®as
In|b)
adb=abanda@b=|a"".

Clearly ,(C°, @ , ®)isaring.
Define, a fuzzy set pon C°as,

0.8 if a>0andb=0
p(x)=p@+ib)= 0.6 if a<0andb=0

0.4 if b >0

0.3 if b <O0.

where, a is the real part of x lies in X-axis and b is the imaginary part of x lies in the Y-axis.
Letx =2+3iandy = -2.
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Then, p(xOY)=pn(xX®(-y))=pn(-4-6i)=0.3.
mn{pu(x),nu(y)}=min{04,06}=04.

Hence, n(x©y)2min{u(x),n(y)}

Clearly, p is a not a fuzzy subring on C°.

Let I=(1,0)andH={1,-1,i,-i}

DefineR={a®l/aecH}.

For, leH = 1®1 =1.(1,0)=(1,»)
1eH =-1®1 =-1.(1,0) = (-»,-1)
ieH = i®l = i(1l,o)=(,»)
ieH =-i®l =-i.(1,0) = (-0, -i).

Now, R={a®l/aeH}={(1,»), (-0, -1), (i, o), (-0, -i)}
Let R ={{(1,), (-0, -D} (i, 0), (-0,-) }}={Q A}.
For any X, Y e ‘R, define the operations © and ® on ‘R as,
X®Y=XY={xy/xe Xandye Y}
X@Y=|X|"YI =f|x["Y/xe Xandy e Y }
Then,

® |Q |A A

Q |Q
A |A |Q A 1Q |Q

O

Clearly, (R, ®,®)isaHXringon (Py(C°), ®, ®).
Define a fuzzy set A*: R — [0, 1] as,
A(Q)=max{u(x)/xeQ}=08
MA)Y=max{u(X)/xe A}=04

Now, -Q=Q;-A=A.

QeQR=Q8Q=Q
QOA=QDA=A
ABGQ=A®Q=A
ABGA=ADA=Q
For any X, Y e R, we have,
MXOY)=A(X®(CY)2min {A"(X),A"(Y)},
AMX®Y)zmin {A"(X), A" (YY)}
Clearly, A"is a fuzzy HX ring on .

G. Definition
Let R be aring. Let u and 1 be any two fuzzy subsets of R. Let R < 2% — {¢} be a HX ring on R . Let A* and y" be fuzzy subsets
of R. The intersection of A" and y" is definedas (A" y") (A) = min{ A" (A), y"(A)} for all A € R.

H. Theorem

Let u and n be any two fuzzy sets defined on R. Let A* and " be any two fuzzy HX subrings of a HX ring R then the intersection
of two fuzzy HX subrings, A" y" is also a fuzzy HX subring of a HX ring %R.

Proof
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Let A,B e *R.

1) W'ny")(A-B)

min{\* (A-B), y" (A-B)}
min{min {1* (A), 2* (B)}min{v" (A), v" (B)}}
min{min{A" (A), v" (A)}min{ 2* (B), v" (B)}}
min{(A* N y")(A), W y") (B)}.
(AN y")(A-B) > min{(A" N y)(A), Ay (B)}-
2) (A*nyM)(AB) = min{\* (AB), y" (AB)}
min{min {1* (A), 1* (B)}min{v" (A), v" (B)}}
min{min{A" (A), v" (A)}min{ 2 (B), v" (B)}}
min{(A* N y")(A), W y") (B)}.

(A" y")(AB) > min{(A" N y)(A), Ay (B)}-
Hence, \*my" is a fuzzy HX subring of a HX ring R.

In v

v

In v

v

I.  Remark

1) The intersection of family of fuzzy HX subrings of a HX ring R is also fuzzy HX subring of ‘R.

2) LetRbearing. Let pand n be any two fuzzy sets of R and u M 1 is also a fuzzy set of R then """ is a fuzzy HX subring of
R induced by p n n of R.

J.  Theorem

If 2%, y", """ are fuzzy HX subrings of a HX ring R induced by the fuzzy sets u, n, un of R then
PO = Ay,

Proof

Let A" and y" are fuzzy HX subrings of R then A"~ y" is a fuzzy HX subring of a HX ring R by Theorem 3.8.
o"" " is afuzzy HX subring of R induced by p m 1 of R by Theorem 3.4.
"M (A) max { (un) (X) /forallxeAc R}
= max {min {u(x), n(xX)}/for all xeAc R}
= min { max {u(x)/ for all xe A c R},
max{n(x) / for all xeA c R }}

= min{i" (A), v" (A)}

(AMy™) (A), forany A € R.

e (A)
Hence, o*™" = At

K. Example
Let C°=C-{0}, where C is the set of all complex numbers.

Inb)
For all a, b e C°, define the operators @ and ® on Clasa@b=abanda®b= |a| i .
Clearly ,(C°, ® , ®)isaring.
Define, a fuzzy set wand n on C’as,

0.8 if a>0andb=0
p(x)=p@+ib) = {0.6 if a<0andb=0

04 if b#0.

0.7 if a>0andb=0
n(x)=n(@+ib) = { 0.5 if a<0andb=0

0.3 if b#0.

where, a is the real part of x lies in X-axis and b is the imaginary part of x lies in the Y-axis.
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Clearly, p and n are fuzzy subrings on C°.

Let I=(1,0)andH={1,-1,i,-i }.DefineR={a@l/aceH}.

Now, R={a@l/aeH}={1,®), (-0,-1),(i,©), (=, -i)}={0Q, A, B, C}.
For any X, Y e ‘R, define the operations © and ® on R as,

X®Y=XY={xy/xe Xandy € Y}

X@Y=|X|"YI =f|x["Y/xe Xandy e Y }
Clearly, (R, ®,®)isaHXringon (Py(C°), ®, ®).
Define a fuzzy set A*: R — [0, 1] as,

A(Q)=Sup{n(x)/xeQ}=08

M(A)=Sup{p(X)/xeA}=0.6

A(B)=Sup{u(X)/xeB}=04

AM(C)=Sup{u(X)/xeC}=04
Define a fuzzy set y": R —>[0, 1] as,

v"(Q)=Sup{n(x)/xeQ}=07

Yy"(A)=Sup{n(X)/xe A}=05

y"(B)=Sup{n(X)/xeB}=0.3

y"(C)=Sup{n(x)/xeC}=0.23.
Clearly, A* and y " are fuzzy HX rings on .

07 if X=Q
OF my")(X)={ 05 if X=A

03 if X=B,C.
Clearly, (A" m y ™" )isa fuzzy HX ring on ‘R.

Now,
0.7 if a>0andb=0
wnmn) (x)=@nmn) (@+ib)= 0.5 if a<0andb=0
0.3 if b+#0
Clearly, (nnm) isa fuzzy subring of R.
Clearly , ¢ "is afuzzy HX subring on R.
0.7 if X=Q
"N (X)) ={(unM)X)/xeXcR} = 0.5 if X=A
0.3 if X=B,C.

Hence, ¢*"" = Ay

L. Definition
Let p and n are fuzzy subsets of R. Let R < 2R — {¢} be a HX ring of R . Let A* and " are fuzzy subsets of a HX ring k. The
union of A*and y" is defined as, (A" W y") (A) = max{ A" (A), y" (A)} for all A € R.

M. Theorem

Let p and n are fuzzy sets of R. Let % < 2% — {¢} be a HX ring. If A* and y" are any two fuzzy HX subrings of R then (A" U ")
is also a fuzzy HX subring of ‘R.

Proof

1) (Wuy)A-B)

max{\" (A-B), y" (A-B)}

max{min {1* (A), .* (B)},min {y" (A), " (B)}}
min{max{2* (A), y" (A)}max{ A" (B), y" ( B)}}
min{(A" UY")(A), Uy (B)}.

v v
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(AU y)(A-B) > min{(A* U y")(A), WUy (B)}
2) (oY) (AB) = max{A" (AB), y" (AB)}

> max{min {1* (A), A* (B)},min{ y" (A), ¥" ( B)}}
= min{max{\"* (A), y" (A)},max{ A" (B), y" ( B)}}
> min{(A* UYM(A), Uy (B)}.

(Ao y")(AB) > min{(A" U y")(A), A" y") (B)}-
Hence, union of two fuzzy HX subrings of a HX ring ‘R is a fuzzy HX subring of ‘.
N. Remark
1) Union of family of fuzzy HX subrings of a HX ring ‘R is also fuzzy HX subring of ‘R.

2) Let R be aring. Let u and m be any two fuzzy subsets of R then ¢*~" is a fuzzy HX subring of R induced by the
fuzzy subset p U n of R.

O. Theorem
Let R be aring. Let uand n be any two fuzzy subsets of R. If A*, y", ¢*~" are fuzzy HX subrings of a HX ring R induced by .,
N, punofRthen "1 = A Uy

Proof
Let A" and y" be fuzzy HX subrings of ® then A" " is a fuzzy HX subring of a HX ring R by Theorem 2.2.13.
o"“™" is afuzzy HX subring of R induced by p U 1 of R.
"M (A) = max { (uun) (X) forall xeAc R}
= max {max {u(x),n (X)} / for all xeAc R }
= max {max {(x) / for all xe A < R},max{n (x) / for all xeAc R }}
= max{1* (A), v" (A)}
e (A) = Aoy (A).
Therefore, o = Ao
P. Definition

Let p and n be fuzzy subsets of the rings R; and R, respectively. Let A" and y" be two fuzzy subsets of the HX rings R; and R,
respectively then the cartesian product of A" and y" is defined as (A" x y") (A, B) = min {A* (A), " (B)}
for every (A, B) € Ry x R,.

Q. Theorem
Let p and m be any two fuzzy subsets of R, and R, respectively. Let %; < 2™ — {¢} and R, < 27— {¢} be any two HX rings. If A"
and y" be fuzzy HX subrings of HX rings R; and R, respectively,
then A x y"isa fuzzy HX subring of a HX ring Ry x R,.
Proof

Let A, B € Ry x R, where A=(C,D), B=(E,F)

1) (MFxy")(A-B) = (Axy")((C,D)-(E, F))

= (AMxy")(C-E,D-F)
= min{ A* (C-E) ,y"(D-F)}

> min{min{A* (C),A* (E)}, min{y" (D),y"( F) }}
= min{min {A* (C),y" (D)}, min{A" (E),y"(F) }}
= min{ (A" xy") (C,D), (A" xy") (E,F)}
min{ (A" xy") (A), (A x+y") (B) }
(A" xy") (A-B) > min{ (A" xy") (A), A" xy") (B) }.
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2) (xy")(AB) = (A< y") ((C.D), E,F))

= (M= y") (CE, DF)
min{ A* (CE) ,vy" (DF)}
min{min{A" (C),A* (E)}, min{y" (D),y"(F) }}
min{min {2 (C),y" (D)}, min{A"(E).y"(F) }}
min{ (A" xy") (C,D), W"*x ") (E,F)}
min { (A*xy") (A), (W' *xy") (B) }
(A xy") (AB)= min { (A xy") (A), (W' *xy") (B) }
Hence, ' x yVisa fuzzy HX subring of a HX ring R.

mnn mn v u

R. Theorem
Let A*and y" be fuzzy subsets of the HX rings R; and R, respectively. Suppose that Q and Q" are identity elements of R, and R,
respectively. If A" x y"is a fuzzy HX subring of ®; x R, , then atleast one of the following statements must hold

1) y"(@Q)
2) »@Q

> A(A), forall Ae Ry

> Y'(B), for all Be R,.

Proof

Let A*x y"be afuzzy HX subring of R; x R,. By contraposition, suppose that none of the statements (i) and (ii) holds then we can
find A € R, and Be R, such that  A*(A) > y( Q") and Y'(B) >AH(Q).

We have, (1"x ") (A,B) min{A*(A), Y"(B) }

> min {y"( Q"), 2(Q)}

= min{2* (Q), y"(Q")}

= (Wxy"(Q Q)
(A" xy7) (AB) > (Wxy" (Q QY.

Thus , A* x y"is not a fuzzy HX subring of R; x R,.
Hence , either y"( Q') >A*(A) for all A € R, or A*(Q) > y"(B) , for all Be R..

S. Theorem
Let A" and y" be fuzzy subsets of the HX rings R and R, respectively, such that A" (A) < ¥ Q') forall A € Ry,
Q' being the identity element of R, . If (A" x y") is a fuzzy HX subring of R, x R, then A* is a fuzzy HX subring of ;.
Proof

Let A" x y" be a fuzzy HX subring of R, x R, and A, B € R; then (A, Q%),(B, Q') € Ry x R,

Given, A*(A) < y'( Q") forall A e Ry.

1) A" (A-B) min {3*(A-B), v" (Q'- Q")}
(AM'xy")(A-B, Q' - Q")
(A" xy)((A Q) -(B,QY)
min{(A"xy") (A, Q") , (M"xy")(B, Q")}
min{min{* (A), y" (Q")},min{A" (B), v" (Q")}}
= min{A" (A), A" (B)}
min{A" (A), A" (B)}.
min {* (AB), y" (Q'Q")}
(A" xy"(AB, Q' Q)
(A xy)(A QY- (B,QY)
min{(A"xy") (A, Q") , (M"xy")(B, Q")}
min{min{A"(A), v" (@")},min{A"(B), v" (Q")}}
min{A"(A), A*(B)}

LI | S VA | N | B |

A" (A-B)
2) A (AB)

I\

LI L AV | B 1|
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A* (AB) > min{A"(A), A*(B)}.

Hence, A" is a fuzzy HX subring of R;.

T. Theorem
Let A" and y" be fuzzy subsets of the HX rings R; and R, respectively, such that y"(A) < A*(Q) for all A € R, , Q being the
identity element of R,. If A" x y"isa fuzzy HX sub ring of Ry x R, then y"is a fuzzy HX subring of R,.
Proof
Let A" xy"be afuzzy HX subring of R; x R, and A, B € R, then (A, Q),(B, Q) € Ry x R,.
Given, y"(A) < A*( Q) forall A e R,
1) y"(A-B) = min {A"(Q - Q),y" (A-B)}
= (M'xy)(Q-Q,A-B)
(A= y)((Q, A) - (Q, B)
min{(A"x v") (Q, A), (A"xy")(Q, B)}
min{min{A*(Q).,y" (A)},min{A*(Q), v" (B)}}
= min{y" (A), v" (B)}
min{y" (A), v" (B)}-
min {A"(QQ), v" (AB)}
(A" xyN(QQ, AB)
(A xy)((Q, A) - (Q B))
min{(A"x v") (Q, A), (A"xy")(Q, B)}
min{min{A"(Q),y"(A)}.min{X*(Q).y" (B)}}
min{y" (A), v" (B)}
7" (AB) e min{y" (A), v" (B)}-
Hence, y" is a fuzzy HX subring of R,.

In v

7" (A-B)
2) " (AB)

[\
I n

In v

u. Corollary
Let A"and y" be two fuzzy subsets of the HX rings R and R, respectively. If A" x y" is a fuzzy HX subring of R; x R,, then
either A" is a fuzzy HX subring of R, or y" is a fuzzy HX subring of R,.

IV. CONCLUSIONS
The concept of a fuzzy HX ring and algebraic structure of a fuzzy sub HX ring of a HX ring were introduced. Also some related
properties were investigated. The purpose of this study is to implement the fuzzy set theory and ring theory in fuzzy sub HX ring
of a HXring.
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