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I. INTRODUCTION 

A. Definitions 

A function )(x  is said to belong to class  ,PL  if  


 
0

,)(sin)( dxxx PP
 is a real number and P>0, it is easy to see 

that 

  0,   forLPL P  And 

  0,   forPLLP  And   0,   ifLPL P . 

We define norm of a function     ,PLx   as:          
P

PP

P
dxxxx

/1

0
,

sin








 





                                                                         

A positive continuous function )(xL is said to be “slowly increasing”, in the sense of Karamata [4] if  
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decreases and to the class jA  if, for some 0j , the number n
j an , 0na  increases. The coefficients decrease monotonically 

to zero belongs to the class 0A . 

B.  Some known results 
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C. Our theorems 
We shall prove the following theorems 
Theorem  Let  P1  and 11  PP , suppose that { na } is a sequence of numbers such that jn Aa   or jn Aa   
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Theorem  Let { na } be a sequence of numbers such that jn Aa   or jn Aa  . If  P1  and 11  PP , then a 
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D. Lemmas 
The following lemmas will be required for the proof of our theorems 
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5) Lemma: Let { na } be a sequence of non-negative terms and  
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E. Proof of Theorem 

Since we are given that 




 P
n

n

PP anLn )(
1

2 , it follows by virtue of Lemma2 (putting 2 ppc   and k
a

k
ka  ) 

that 
















p

nk

k

n

PP

k
anLn )(

1

2 , further on putting n=1, we have 


1k

k

k
a

. 

Put 















1)1(2

)1(201

1

coscos)(
n

nk
k

nk
kn kxakxaxR





 

                   






























0
),1(2

0
),1(2

2 ,

,

sin
2

1









jkn

jkn

x
Aaifa

Aaifaj
 

 
,........2,1,0,2  kkx   by virtue of lemma3 ( choosing   xx cos  ) 

Now using the particular case, when 1 of lemma 4, we obtain 

)(xRn
2sin x

jB
 kx

k
a

a
nk

k
n 2,

1
1 








 




  

Therefore series 


1
cos

n
n nxa  converges uniformly and is a Fourier series of the function f(x) which is continuous in )2,0(  . We 



www.ijraset.com                                                                                                            Volume 5 Issue I, January 2017 
IC Value: 45.98                                                                                                             ISSN: 2321-9653 

International Journal for Research in Applied Science & Engineering 
Technology (IJRASET) 

©IJRASET: All Rights are Reserved 
290 

have 





1

cos)(
k

k kxaxf =  







n

k nk
kk kxakxa

1 1
coscos  

           
x

Ba
jn

k
k




1









 






1
1

nk

k
n k

a
a  

 

           



n

k
ka

1















 x
Oa

x
O n

11
1 



 1nk

k

k
a

 

            ns + 














 x
Oa

x
O n

11
1 







 


 1nk

k

k
a

 

Where ns =


n

k
ka

1
 

Now      




















2
1

2

0

sin)(1sin)(1
n

pp
n

n

pp dxxxf
x

Ldxxxf
x

L 









 

  dxx
k
a

x
Oa

x
OS

x
L p

p

nk

k
nn

n

n

n







sin111
1

1
2

1




































  











 

      xdxa
x

LjpBdxxS
x

LpB
n

pp
n

n

p
n

p

n

n

n

p
n   































2
1

1
2

1

sin1),(sin1)( 











         

   




























2
1

1
sin1),(

n

pp
n

n

p

nk

k dxx
k
a

x
LjpB 





 

 p
n

n

ppp
n

n

p anLnjpBSnLnpB 1
2

2

2

2 )(),,()(),( 










      

                                                 +
p

nk

k

n

pp

k
anLnjpB 







 










12

2 )(),,(   

= 321 jjj   (say) 

Now put ,......)2,1(1)(  nnxnforaa nx   

And dttaxA 


0

)()(  then, we have,  

 1j dxxAxLxpB p

n

p
n

n

)()(),(
1

2
1

 







  = dx
x

xAxLxpB
pp

pp












 )()(),(
/1

1

2   

On applying lemma (ii) (taking pq  and 21  ppqr  ) we get, 

  dxxaxLxpBj ppp )()(),(
1

2
1 


   



www.ijraset.com                                                                                                            Volume 5 Issue I, January 2017 
IC Value: 45.98                                                                                                             ISSN: 2321-9653 

International Journal for Research in Applied Science & Engineering 
Technology (IJRASET) 

©IJRASET: All Rights are Reserved 
291 

=   dxxxaxLxpB p

n

pp
n

n

)()()(),(
2

2

1
 








  

 p
n

n

pp anLnpB )(),(
1

2




   

< , by hypothesis of  
heses. 
By virtue of lemma 2 the theorem, 

)1(2 Oj  by the hypotand by the hypothesis, 

 )1(3 Oj   

A similar method may be used to estimate  







2

)(sin)( dxxxf PP
  

This finishes proof of theorem. 

F. Proof of Theorem  

Necessity: Suppose that ),()(1/1 PLxf
x

L P 







, then we have to prove,   




 p
n

n

pp anLn )(
1

2    

Let 
x

duufxf
0

1 )()( , 
x

duufxf
0

12 )()(  

Then duku
k
a

xf
k

k 
 













0 1
2 sin)(  

 

= 




x

k

k duku
k
a

01
sin  

=





1

2)cos1(
k

k kkxa  





m

sk
k kkxa 2)cos1(                                                                                     (A) 

For any positive integers s and m, 

Case I: When jk Aa   

 Now set 1
2






nx  and nm   and using the inequality 

2
cos1

2nxAnx   for   n
x

n 414





, we have 

)(2
2 xfBnAn  , where B is some constant. By virtue of Lemma 5(i), it follows  

)()()( 2
2 xfnjBAjBna nn   

Now,  p
n

n

p nanLn )(
1

2




   



www.ijraset.com                                                                                                            Volume 5 Issue I, January 2017 
IC Value: 45.98                                                                                                             ISSN: 2321-9653 

International Journal for Research in Applied Science & Engineering 
Technology (IJRASET) 

©IJRASET: All Rights are Reserved 
292 

p

n

pp xfnLnj ))(min()()( 2
1

22




 B                                      









 n
x

n 414


 

 

dxxfLxjB p
x

n

pp
n

n

)()()(sin)( 2
1

1

2
4

14

 








 





 

)( jB dx
x

xfL
x

pp
xpp









)()(
)(sin 2

/114

0





, 

),,( jpB    dxxfLx pp
x

pp )())(()(sin 1
/11

4

0





  

),,( jpB    dxxfLx pp
x

p )()()(sin /11
4

0





  

= ),,( jpB    
p

px
p xfL

,
1/1 )(  

This follows by lemma1 (i) ( pq  , prpp  1  and prp  1  respectively) 

Case II: When jk Aa  , we set ns   and nm 2  in (A) and obtain  

)(2
2 xfBnAn               For   n

x
n 818





  

By lemma 5(ii) we get )()( 2
2 xfnjBnan   

Now,  p
n

n

p nanLn )(
1

2




   

p

n

pp xfnLnj ))(min()()( 2
1

22




 B ,       n
x

n 818





 

 

dxxfLxjB p
x

n

pp
n

n

)()()(sin)( 2
1

1

2
8

18

 








 





 

)( jB 






 dx

x
xfL

x
pp

xpp )()(
)(sin 2

/118

0





By some agreement as in the case I this possesses the necessity part of 

theorem2. 
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This follows by theorem 1 and proof of the theorem is thus completed. 

II. CONCLUSION 
Theorem1 and theorem 2 also hold for sine series. The proof of sufficiency part for sine series follows exactly in a same way as in 
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case of theorem1 while, for proof of necessity part, some miner changes are required. 

For sake of convenience the theorem 1 is stated and proved otherwise theorem is essentially the same as   part of theorem 2. 

Our theorem 2 is not only more general then a result of Askey and Wainger [2] and theorem of Khan [5], but has a proof applicable 
in sine and cosine series both. 
In the end I wish to express my sincere thanks to “Dr. J.P. Singh” for his kind guidance. 
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