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Abstract: Let 1< P <o and—1<aP <P -1, suppose that {a,} is a sequence of ,Numbers such that a, € A; or

1/P
a, €A and {anapz L(n)(an)P} < o0, then we will prove that L”P[%j f(x) e L(P,a)

n=1

L/* [Ej f(x)
X P

& ii)Let {@,} be a sequence of numbers such that a, € A; ora, € A ;. If 1< P <o and-1<aP <P -1, then a

<B(a, P, j)inP*“P*ZL(n)(an)P

n=1

And

necessary and sufficient condition that L”P[ jf(x) e L(P,a) |sthat2np i 2L(n)a < o0,
n=1

I. INTRODUCTION
A. Definitions

A function @(X) is said to belong to class L(P,a) if .[|¢(X)|P (sin X)* dx < oo, & is a real number and P>0, it is easy to see
0
that

L(P,a):> L for @ <0 And
L” = L(P,&) for @ >0 And L(P,a)=L"if « =0.

1/P
We define norm of a function ¢( )e L(P a ||¢ {.ﬂgb Sln X }

A positive continuous function L(X) is said to be “slowly increasing”, in the sense of Karamata [4] if
lim L (kx)
X — o L(x)

=1 For everyk > 0.

A sequence {an} of non-negative number is said to be quasi-monotone [7, 9] if for some constant oz > 0

Ay < [1+ nj for aIIn>n0(a).

An equivalent definition is that n’ a, J 0 for some S > 0.We shall say that the coefficients of trigonometric series,

a 00 00 . . )
f(x)= 70 + Y@, cosnx and g(Xx) = »_a,sin nx belong to the class A if for some j >0, the number n~'a,, a, >0,
n=1 n=1
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decreases and to the class A ; if, for some J > 0, the number njan , @, =0 increases. The coefficients decrease monotonically

to zero belongs to the class A, .

B. Some known results

Theorem_If O <v <14, 40, thenx~ L[lj f (x) € L(O, ) ifand only if Zn“ 'L(n)a, is convergent.

n=1

Theorem__Ifa, $0,P>1, and —1<v <0, then the necessary and sufficient condition that Zn’“P”*P L(n)anP should
n=1

converge, is that X ! L[ljf (x) e L(0, 7).

Theorem_ Let {a,} is quasi-monotone if o <1 and such that 0 <M, <n’L (n)a, <M, with3 >0, if P>1
andl-P < A <1. Then,

1
f(1,L,P)=x"L [ jf (X) is integrable in (0, ) if and only if Zn“P L (n)a < oo, where L, and L, are slowly
n=1
increasing function in the sense of Karamata.

—k

Theorem__Let @, be positive and tends to zero. Let @ N~ be monotonically decreasing for some non-negative integer k.

Letl<P<ow and-1<aP <P -1, then a necessary and sufficient condition that f(X)e L(P,a), where

~ > a, cosnx isthat
n=1

S P
znpfapfzan <o,

n=1

Theorem_ Let {a_} be a positive sequence tending to zero and {a N~ 3} be monotonically decreasing for some non-negative
n p q 9 n y g g

1
integer k. If 1< P <00 and —1< aP < P —1 then the necessary and sufficient condition that L”P[—j f(x) e L(P,a) is
X

that, an "2 (n)a,” < oo, where f(x Za COSNX.
n=1 n=1

C. Our theorems
We shall prove the following theorems

Theorem_Let 1< P <o and—1< aP < P -1, suppose that {&, } is a sequence of numbers such that a, € A; or @, € A ;
© 1/pP

and {Z n""2L(n)(a,)" } <o,
n=1

Then, L”P[%j f(x) e L(P,a)

L/* [Ej f(x)
X P

And <B(e,P, j)inP*“P*ZL(n)(an)P

n=1
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Theorem  Let {@, } be a sequence of numbers such that @, € A; ora, € A ;. If 1<P <oo and—1<aP <P -1, thena

1 O PoaP-
necessary and sufficient condition that L”P[—j f(x) e L(P,a) isthathP o 2L(n)anP < o0,
X =

D. Lemmas
The following lemmas will be required for the proof of our theorems

1) Lemma: Let f(X) >0 for (X) > 0 and f(x) be the integral of f(x). If L < P < q and r>-1 then

()] <o)
oot o] soffarore

2) Lemm : Let z a, be a series of positive terms and A, =z a, and suppose that
n=1 k=n

Zn’CL(n)(nan)p' <oo,(P>1,c<1), then Zn’CL(n)AnP <B Zn’CL(n)(nan)p' , Where B is some constant

n=1 n=1 n=1
depending upon c and P.
3) Lemma: For any non-negative v and N, we have

2]
20+ (n+1)-1 |S az (n+1),’ If 8 € Ai
> apkx)| < 21
k=2° (n+1) E';l2 v (1)1, ,If ak S Afj

X # 2k, k = O,il,iz, ........ Where ¢(x) = cosxor ¢(x) = sin x

4) Lemma:If a, € A; ora, € A ; then

Z[ZU(n +l)] 8,0 < (e, ) Zk a, ifa, €A,

k=n+1
R +1)] 8,0 Sl ) Y K8, ifa, € A,
v=0 k=n+1
Where,
. 2 fora+ <0
Cla,))= . ;
@) {2“‘”‘ for o+ j >0
1 fora—j>0

Cz(a,j)={

21 fora—j<0

5) Lemma: Let { @, } be a sequence of non-negative terms and
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n 2n
A(n) = (; A*(n) =) a, Then
T "

na, < B(j)A(n) if a, € A
na, <B(j)A"(n) if a, €A

Where B(j) is some positive constant depending on j .
Proof:

na, ;. a .
ZK—EK‘ZFS‘(m—SJrl), if a eA,
k=s

Y aKkTzasm(m-s+1), if a A,
k=s

n o L
Wesets=[§}rl,m =nin(i)andS =N, m=2n in (ii), we have

na, < ni*™ < B(j)A(n)

[[]]

And na, < B(j)Ax*(n).
This completes the proof of the lemma.

E. Proof of Theorem

Since we are given thathP’“P’zL(n)anP < o0, it follows by virtue of Lemma2 (putting C=—-p+ap+2 anda, = a%)

n=1
p g
thatz n°-er? L(n)[zrkj < oo, further on putting n=1, we havez‘?k <.
k=n k=1
© o 2" (n+1)-1
Put R, (X) =| > a, coskx| <[> > a, coskx
k=n+1 v=0 k=2"(n+1)
2j zaZU(n+1),’ if 8 € Ai
< o0
Zaz o (e, if a, Afj
X #2km, k =0,£1,12,........ by virtue of lemma3 ( choosing ¢(X) =CO0SX )

Now using the particular case, when o = —1of lemma 4, we obtain

R (x)_|sB { n+1+z }x;&an

k=n+1

Therefore series z a, cosnx converges uniformly and is a Fourier series of the function f(x) which is continuous in (0,27) . We
n=1
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Zak coskx + Zak coskx

k=n+1

have | f (X)| coskx|=

% g T
Now jL[;) f (X)| " (sin x)™ dx = z j L[;) f (X)| " (sin x)™ dx
"= %Jrl

(53]

i i
<8 j [j o 8P [ 1 @) i) o
n= 277 n= 277
+B( ')i ﬂf L[EJ[ i ijp(sin X)P dx
o = XN\ K
<B(@ LN TS, + Bl py DT ELa,)
+B(a,p. DY ”“L(n)[ > aﬂ
=h+ o+ s (say)
Nowput 3,y =a, forn-1<x<n (n=12,...)
And A(X) = .Ta(t)dt then, we have,
. < B(a, p)i?1 X 2P L(x)AP (x)dx = B(a, p)j X2 “p*p{w} dx

On applying lemma (i) (taking 4 = pand—1—Qr = p —ap — 2) we get,

j: < B, P)[ x PP LX) a(x))” dx
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=B(, P)Y, | X =L@ (¥
<Bla, )Y LM, )

<00, by hypothesis of
heses.
By virtue of lemma 2 the theorem,

J> = O(1) by the hypotand by the hypothesis,
s =00@)

A similar method may be used to estimate

j | (x)|" (sin x)*" dx
7%
This finishes proof of theorem.

F. Proof of Theorem

Necessity: Suppose that L*'” [EJ f(x) € L(P,a), then we have to prove, z nP2e L(n)(an )p < oo
X

n=1

Let f,(x)= .X[ f(u)du, f,(x) =f f, (u)du

0

Then f,(X) :j[ia?ksin kujdu
k=1

0
i.[sin ku du
k 0

=> a,(1-coskx)k ?
K=

> a, (1-coskx)k A)
k

For any positive integers S and m,
Case |: When @, € A,

2
n nx T
Now set X =[E}rl and m=n and using the inequality 1—cosnx > AT for <Xx<

z
4(n+1) 4n

A < Bn*f,(x), where B is some constant. By virtue of Lemma 5(i), it follows

na, <B(j)A, <B(J)n*f,(x)

Now, in’z’“" L(n)(na, )"
n=1

, we have

©IJRASET: All Rights are Reserved
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<B( j)inz“"‘pL(n)min( f,(x))" (ﬁ <x< %}

o %
2 j (sin x) 2P L(L) P (x)dx

L) fz(x)}p ;

X

<B(j) f (sin x)wp{

NI

<B(a, . ) | (sinx) (L), (0]} dx

o

NI

<B(a,p.j) | (sinx)™ L@ | f o[} dx

=B(a, p, ) [P R)F (), <0

This follows by lemmal (i) (= p,ap— p =—-1— pr and ap =—1— pr respectively)
Case Il: Whena, € A;,weset S=n and m = 2n in (A) and obtain

T _<x< X

8(n+1) 8n

By lemma 5(ii) we get na, < B(j)n*f,(x)

Now, in’z’“" L(n)(na, )"
n=1

A" <Bn?*f,(x) For

< B(j)in““"L(n)min( RO g

o B
2 j sin x) 2P P L(L) f,” (x)dx

L 1\1/p f P

)" () : : _

—X <> %% dX < oo By some agreement as in the case | this possesses the necessity part of
X

<B(j) [ (sin x)wp{

O — 0| N

theorem?2.

< 1
Sufficiency: Now suppose thatz n"2*L(n)(na, )" < oo. Then we have to show L' [—J f(x) e L(P,a).
X

n=1
This follows by theorem 1 and proof of the theorem is thus completed.

Il. CONCLUSION
Theoreml and theorem 2 also hold for sine series. The proof of sufficiency part for sine series follows exactly in a same way as in
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case of theorem1 while, for proof of necessity part, some miner changes are required.
For sake of convenience the theorem 1 is stated and proved otherwise theorem is essentially the same as z - j part of theorem 2.

Our theorem 2 is not only more general then a result of Askey and Wainger [2] and theorem of Khan [5], but has a proof applicable
in sine and cosine series both.
In the end | wish to express my sincere thanks to “Dr. J.P. Singh” for his kind guidance.
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