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L. INTRODUCTION
Enestrom and Kakeya proved independently a very important result on the location of zeros of a polynomial with real positive
coefficients. It is known as Enestrom —Kakeya theorem and is stated as follows[\2,3]:

A. TheoremA

n .
Let P(z) = Zajz‘ be a polynomial of degree N such that
=0

a,>a,;=....2a, 2a,>0.

Then all the zeros of P(z) lie in |Z| <1.

1. MAIN RESULTS
In this paper we change the condition on the coefficients of the polynomial and prove the following results:

A. Theoreml

n .
Let P(z2) = z a; " be a polynomial of degree N with real positive coefficients satisfying

j=0
a,<a,;,28,,<a,352....2a, 24,
if nis odd and
a,<a,,;=a,,<a,,2>...<a 24,
if niseven.
Then for odd n, all the zeros of P(z) lie in
2(L-M) -
|Z| < ( ) a'n
an
with  L—M >a,, where
L=a,,+a,;+...+3a,,
M=a,,+a,,+...+q
And for even n, , all the zeros of P(z) lie in
2(L'-M") -
|Z| < ( ) a'n
an
where
L'=a,,+a,;+....+4a,
M'=a,,+a,,+...+4a,
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with L'=M'>a, .
1) Remark 1: If we consider the polynomial
P(z)=2°+32* +32° +42° + 42 +5,
then Enestrom-Kakeya theorem is not applicable.The classical Cauchy’s theorem gives the bound for all the zeros of P(z) as 6,

whereas by Theorem 1, the bound is easily seen to be 3<6.
If the coefficients of the polynomial P(z) are complex , we prove the following result:

B. Theorem2

=0

a; >0,V] such that

if nis odd and

if niseven.
Then for odd n, all the zeros of P(z) lie in

Z| <
[ o
where
L=a,,+ta,;+..+ta,,
M=a,,+ta, ,+..+o

with  2(L-M)-a, +2i\ﬁj\ > [a,|-
j=0

And for even n, , all the zeros of P(z) lie in

where

with  2(L'-M")—a, + 2i\ﬁj\ >[a,|.
j=0

1) Remark 2: Theorem 2 is a generalization of Theorem land reduces to it by taking ,Bj =0,V]j.

Applying Theorem 2 to the polynomial —iP(z), we get the following result:

n .
a) Corollary 1: Let P(z):Zajz‘be a complex polynomial of degree n with Re(a;)=«;,
=0
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Im(a;)=B;, 1=012,.....,nand B; >0,V]j such that
By <By> Py <Bos > <> B,

if nis odd and

Bo<PBosZ By <Bys > <Py 2By

if niseven.
Then for odd n, all the zeros of P(z) lie in

2(L, —M,) - B, +2i\a1\
j=0

where

n

with  2(L, = M) =B, +2) || > [a,.
j=0

And for even n, , all the zeros of P(z) lie in

2(L{ M) = B, +2) |a|
CE

where

L=B,+B, 3+ + B,
M =P8, 48,4t +p,.

n

with  2(L; = M) =B, +2) | ;| > [a,].
j=0

Next we prove the following result:

C. Theorem3

n .
Let P(z2) = Zajz‘ be a complex polynomial of degree N such that for some real «, 3,
j=0

arga; - Bl <« s%, j=012,....n

and la,| <la,| 2]a,| < |ans|= o <ay| = [a]
if n is odd and
la,| < fa,| 2]a,| < |ans| = o <ay| = [a]

if niseven.
Then for odd n, all the zeros of P(z) lie in

1

.|

|z| < —[la,|(sin @ —cosa) + 2(cosa +sin a)(a,_,| +[a, 5| + ...+ [a,])
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—2(cosa —sina)(a,_,|+|a,_4|+ ...+ [a,) + (cosa +sina +1)[a,|

and for even n, all the zeros of P(z) lie in

2| < |a—1|[|an|(sin o —cosa) +2(Cosa +Sin a)(|a,_y| +[a, | + ...+ [a )
n

—2(cosa —sina)(a,_,|+|a,_s|+ ...+ [a,]) + (sina — cosa + 1)a, |
1) Remark 3: Ifwetake @ =0, 8 =0, a; > 0, V] ,Theorem 3 reduces to Theorem 1.

1. LEMMA
For the proofs of the above results, we need the following lemma:

A. Lemma 1

For any two complex numbers b, , b, such that |b1| > |b2| and ‘arg bj - ,B‘ <a< % j=12

for some real o, 3,

b, —b,| < (Jo,| - [b,)) cosa + ([, | + b, |} sin .
The above lemma is due to Govil and Rahman [1].

V. PROOFS OF THEOREMS
A.  Proof of Theorem 2
Consider the polynomial

F(2)=Q1-2)P(2)
=(1-2)(a,2" +a,,2" " +.t a2 +a,)

A+1

=-a,2" +(a, -a,,)2" +...+(a,,, —a,)2"" +(a, —a,,)7"

1 . . .
For |Z| > 1so that —5 < 1j=12,...., N ,and odd n, we have , by using the hypothesis
YA

n+1

F(2)]2[a,]2|
1B = Boale]” +1Bos— B2l e |By = Bo||2| + |41

—[|0£n —an71||z|n +|an71 -a, ., ||z|nf1 + e +|oc1 —a0||z| +|a0|

on B B |an—1 _an—2| |an—2 _an—3| |O£1 —050| M
_|Z| [|a'n ||Z| {lan anfl|+ |Z| + |Z|2 """" |Z|nfl |Z|n
_ |ﬁn—1 _ﬁn72| |:31 - :30| @
+|By = B +—|z| Font |z|"71 + |z|" 1
> |z|n[|an |1z| —{la, — oty | +|ans — o] ety — o]+ oo + oy — a|+ |
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+|By = Bot| +|Bos = Boa| +oveeeet | By = Bo| + | Bo}]
> |2["[la, 12| ~{laty = 0tna| + |ots = ot a| + |otnz = 0y a| et oy — 0t + ||

+|Bal+ |Boal + | Bl + [ Boo | + oot [ Bi] +[Bo] + [ Bo ]

> |z|"[|an||z| o, —a, a0, O =0, et O, —O Oy —Q

+a0+2i\ﬁj\}]

=|7"lla, |7 -{2L-2M -a, + 22\@.\}]

>0

2L-2M -aq, +2i\ﬁj\

i=0

Z| >
g o

n
provided 2L —2M —a, +2)"|B}| > [a,|.
j=0
This shows that those zeros of F(z)whose modulus is greater than 1 lie in
n
2(L-M)-a, +2) |||
j=0

2]

IA

i

n
Since 2L-2M —«a, + 22‘,31.‘ > |an| , it follows that those zeros of F(z) whose modulus is less than or equal to 1 already lie in
j=0

2(L—M)—an+2i\ﬁj\

2]
Since the zeros of P(z) are also the zeros of F(z), it follows that all the zeros of P(z) lie in

2(L—M)—an+2i\ﬁj\

IA

i

Z| <
K o
in case n is odd.
] 1 . ) . .
If n is even, then for |Z| > 1so that —5 < 1j=12,...., N, we have, as in the above case , by using the hypothesis
YA
|F(z)| > |Z|n[|an ||Z| —{]an —an71| +|an71 —an72| +|an72 —an73| e + |a1 —a0| +|a0|
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+|Bu| [ Boal + | Bocs| [ Boca| + o4 Bo] [ Bo| +[ Bo[}]

> |z|"[|an||z| o, —a, A, —A O s — O e +a,—a,+a;, —a, +a,

+23°|p,

=[2]'lla 2] 2 - M)~ +2Y |,

>0
if

2(L'-M")—a, +2i\ﬁj\
j=0

Z| >
g o)

provided 2(L'=M") —ax,, + 22‘,31.‘ > |an| .
j=0

This shows that those zeros of F(z)whose modulus is greater than 1 lie in
n
2(L'-M") —a, +2)|B)]
j=0

Z| <
[ ™

n
Since 2(L'-M")—a, + 22‘,31.‘ > |an| , it follows that those zeros of F(z) whose modulus is less than or equal to 1 already lie
i=0
in
n
2(L'-M") —a, +2)"|B]
j=0

.|

Since the zeros of P(z) are also the zeros of F(z), it follows that all the zeros of P(z) lie in
n

2(L'-M") -a, +2)|B]
j=0

.|

IA

i

2| <

in case n is even.
That completes the proof of Theorem 2.

B. Proof of Theorem 3
Consider the polynomial
F(z)=(1-2)P(2)

n+1

=-a,2"" +(a,-a,,)2"+(@,,-a,,)2" +...+(a, —a,)Z+ 4,
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For |Z| > 1so that i} <lj=12,...., N ,and odd n, we have , as seen earlier, by using the hypothesis
z

IF(2)] 27" Tlan ]| —€a, — ans| +[an =@y o]+ [an2 =8|+t [, — 0| +ay

> |7"[|a, 7| —{(a,..| -], cosa + (a, 4| +[a,]) sin & + (fa, | - [a, ,|) cosa
+ (|3, | +[an_)sin & + (a,_s| —[a,_;)) cosea + (ja,_5| + |a,_,]) Sin &
oot (35| — |2y cOS @ + (|8, |+ [ay|) sin & + (|8, — [a,]) cos @
+(|ao| +]ay]) sin & + [a, [}]

=|7"[|a, | —{Ja,|(sin & — cosax) + 2(cosex +sin &) (@, 4|+ |y 5|+ ......+ [a,)

—2(cosa —sina)(a,_,| + |a,_s|+ ...+ [a,]) + (cOSax +sin @ +1)[a, [}]
>0

1

2]

2| > —Tla,|(sina — cosa) + 2(cosa +sin a)(ja, | +[a, | +......+[a,)

—2(cosa —sina)(a,_,|+ [a, 4| + ...+ [ay|) + (cOSax +sin o +1)[a, [},
This shows that those zeros of F(z)whose modulus is greater than 1 lie in
1

.|

|z| < —[la,|(sina —cosa) + 2(cosa +sin a)(a,_,| +[a, 5| + ...+ [a,])

—2(cosa —sina)(a,_,|+ [a, 4| + ...+ [ay|) + (cOSax +sin o +1)[a, [},

Since those zeros of F(z)whose modulus is less than or equal to 1 already satisfy the above inequality,
it follows that all the zeros of F(z) and hence P(z) lie in

2| < |a—1|[|an|(sin o —cosa) +2(cosa +5in a)(|a, | +[a, | +......+[a,)
n

—2(cosa —sina)(a,_,|+ [a, 4| + ...+ [ay|) + (COSex +sin o +1)[a,[}].
in case n is odd.

If nis even , we have as in the above case, for |Z| >1,
IF(2) 27" l|a, |7 —€(a,..| - |a.) cosa + (a, 4| +[a, ) sin & + (|, ;| - [a, .| cosa

+ (|3, | +[an_)sin & + (a, 5| ~[a,_, ) cosa + (ja, 5| +|a,_,]) sin &
oot (3|~ [a)) cOS + (o |+ [a, ) Sin & + (&, |- [a,]) cosa
+ (|ay| +]a ) sin & + [a, [}]

=|7"[|a, || —{Ja,|(sin & —cosax) + 2(cos e +sin &)([a, ;| +]a, o] + ...+ |a,|)

—2(cosa —sina)(a,_,|+[a, 4|+ ...+ [a,]) + (sin & — cosax +1)[a,[}]
>0
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2| > i[|ocn |(sin o — cosa) + 2(cos e +5in a)([a, | +[Vy_s|+orr - [3])

2]
—2(cosa —sina)(a, |+ |a,_s|+ ...+ |8, ) + (sin & — cOS x + 1)[a, [}
This shows that those zeros of F(z)whose modulus is greater than 1 lie in

1

.|

|z| < —la,|(sina —cosa) + 2(cosa +sin a)(,_y |+ |V,_5| +.....+|ay])

—2(cosa —sina)(a, |+ |a,_s|+ ...+ |8, ) + (sin & — cOS @ +1)[a,[}].

Since those zeros of F(z)whose modulus is less than or equal to 1 already satisfy the above inequality,
it follows that all the zeros of F(z) and hence P(z) lie in

1

.|

|z| < —[la,|(sina —cosa) + 2(cosa +sin a)(,_y |+ |V,_5| +.....+|ay])

—2(cosa —sin a)(a, |+ |a,_s|+ ...+ 8, ) + (sin & — cOS x + 1)[a, [}].

in case n is even.
That completes the proof of Theorem 3.
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